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1 Introduction

Fractional calculus extends the concepts of differentiation and integration to non-integer orders,
bridging traditional calculus with new dimensions of analysis. This innovative approach has
sparked significant theoretical interest while gaining practical importance across numerous research
domains. Its remarkable versatility has established fractional calculus as a cornerstone in scientific
fields. Recent years have seen a notable increase in research focused on this area, exploring diverse
scenarios through various forms of fractional differential equations and inclusions. For a deeper
understanding of its applications, readers are encouraged to consult the works of Herrmann [8] and
Samko et al. [16]. The contributions of Benchohra et al. [1,3-5, 17] are particularly noteworthy,
addressing the existence, uniqueness, and stability of solutions across a wide range of problems
under distinct conditions. Notably, they introduced an extension to the Hilfer fractional derivative,
which elegantly combines the Riemann-Liouville and Caputo derivatives, further enriching the
field of fractional calculus.

Tempered fractional calculus has recently emerged as a prominent subset of fractional calculus,
characterized by its ability to generalize various fractional operators and incorporate analytical
kernels. This framework extends the scope of fractional calculus, allowing for a more compre-
hensive description of the continuum between regular and anomalous diffusion. The foundational
definitions of fractional integration with weak singular and exponential kernels were introduced by
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Buschman in [6]. For further exploration of this topic, readers are referred to [2,10-15,18]. Despite
limited investigation into the Caputo tempered fractional derivative in existing literature, it holds
significant potential for advancing the field. This study focuses on exploring its properties and
applications within this unique mathematical framework, contributing to the ongoing development
of fractional calculus.

In [10], the authors investigated the following class of Caputo tempered fractional differential
equations with finite delay:

(gbg’sm) (5) =N (5, ws, ng(a)) . 5e®:= (0,7,
w(d) = p(8), 6 € [-«,0],
J1w(0) + pw(@) = 3,

where 0 <k < 1,& >0, CSD’;’S denotes the Caputo tempered fractional derivative,
N:0OxC([-«,0],R) xR

is a continuous function, p € C([-«, @],R), 0 < @ < +o0, J1, J2, j3 are real constants, and x > 0
is the time delay. The results are based on the fixed point theorems of Banach, Schauder, and
Schaefer. Observe that this problem encompasses initial, terminal, and anti-periodic problems;
however, the employed approach does not yield solutions for the periodic problem.

In this paper, we study the existence and uniqueness of solutions for an impulsive implicit
problem involving a nonlinear fractional differential equation with the Caputo tempered fractional
derivative:

(§2'w) (1) = £ (w001 w(0), 1€ Fp k=0,1,...,m, (L.1)
Aw|,_, = xi (w(r)), k=0,1,....m, (1.2)
J1w(0) + j2w(x) = 3, (1.3)

where 0 < @ < 1, 14 > 0, g'.D,“ “and OIt“’/l are the Caputo tempered fractional derivative
and the Riemann-Liouville tempered fractional integral, respectively, i, j2, j3 are real constants,
Xk : R — R are given continuous functions,

O=tg <t < <ty <lpms =% <00,

Aw|_, =w() -w(r), I=[0x], Jo=1[0,n], Jp=(xtal, k=1,2,....m,

and f : § x R — R is a continuous function.

The structure of this paper is as follows. Section 2 presents certain notations and preliminaries
on the tempered fractional derivatives used throughout this manuscript. In Section 3, we present
existence and uniqueness results for the problem (1.1)—(1.3), based on the fixed point theorems
of Banach and Schaefer. In the last section, an illustrative example is provided in support of the
obtained results.

2 Preliminaries

First, we give the definitions and notations that will be used throughout this paper. We denote by
C(3J,R) the Banach space of all continuous functions from J into R, endowed with the norm

1 flleo = sup [ £ (2)].

tey
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As usual, AC(J) denotes the space of absolutely continuous functions from J into R. For any
n € N*, we denote by AC" () the space defined by

dl’l
AC(3) := {m 3o R: Wm(t) € AC(3)} .
Consider the space X 5 (0,%), with b € Rand 1 < p < oo, consisting of all complex-valued
Lebesgue measurable functions w on [0, %] such that ||w]| xP < 0, where the norm is defined by
% dr\»
pr
o]l = (/ |tbm(r>|f'7) , (1<p<w, beR).
0
Consider the Banach space

PC(J,R) = {w:J—->R:we C((tr,tx+1],R), k =0,...,m, and there exist
w(r) and w(ry), k=1,...,m, withw(ry) = w(t)},

endowed with the norm

[wllpc = |l0]le.

Definition 2.1 (The Riemann-Liouville tempered fractional integral [12, 15, 18]). Suppose that
the real function w is piecewise continuous on [0,x] and w € le (0,%), with 2 > 0. Then, the
Riemann-Liouville tempered fractional integral of order « is defined by

—/l(t—s)m(s)
(t _ s)]—(lf

a,A _ =t a At _ 1 te
oL w (1) = e~ oI, (e m(t))—r(a)/o ds, 2.1)

where (Z,“ denotes the Riemann—Liouville fractional integral [9], defined by

fow(s)

ol =y o e ™

(2.2)

Obviously, the tempered fractional integral (2.1) reduces to the Riemann-Liouville fractional
integral (2.2) when A = 0.

Lemma 2.2 ( [9], see the proof of Lemma 2.21, p. 95). Let 0 < @ < 1. Then, for any w € C(J,R),

we have
(04

@ %
o2 w(0)] < T(a+1)

Definition 2.3 (The Riemann-Liouville tempered fractional derivative [12,15]). Forn—1 < @ < n,
with n € N* and A > 0, the Riemann—Liouville tempered fractional derivative is defined by

W[ -

@ B o e—/lz ar t e/lsm(s)
7wl =0 (o) = i [

where (D" (e’”m(t)) denotes the Riemann-Liouville fractional derivative [9], given by

n

0D (edfm(t)) _4 (oft"_“(e/“m(t))) L a /l et w(s)

T dm :F(n—a)ﬁ o (r—s)ya—n+l >
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Definition 2.4 (The Caputo tempered fractional derivative [12, 18]). For n — 1 < @ < n, with
n € N* and A > 0, the Caputo tempered fractional derivative is defined by

—At t n (,As
Cma,d _ At Cena [t _ e 1 d" (e“w(s))
Cprlm(r) = e § D (e m(t))—r(n_a)/o Tt

where § D (e w(r)) denotes the Caputo fractional derivative [9], given by

1 d 1 d" (e’lsm(s))
C~a At _
0P (e m(t)) T Tn-a) Jy (t—s)onl ds" ds.

Lemma 2.5 ([12]). For a constant C, we have
0DIAC = Ce™ MDY, th‘MC =Ce S DM,

Obviously,
0DH(C) # §DI(CO).

Moreover, gD;”/I(C) is no longer equal to zero, in contrast to (():Z)t”‘(C) =0.

Lemma 2.6 ( [12,18]). Let w(t) € AC"[0,x] and n — 1 < a < n. Then, the Caputo tempered
fractional derivative and the Riemann—Liouville tempered fractional integral satisfy the following

tzO]

Theorem 2.7 (Theorem of Ascoli-Arzeld [19]). Let A ¢ PC(J,R). Then A is relatively compact
(i.e., A is compact) if the following conditions hold:

composition properties:

—O)k
k!

d* (et w(r))
dtk

n-1
t
oL [§ D ()] = w(r) - ) e (
k=0

and
332“ [Ofta’/lm(t)] =w(t), forae (0,1).

1. A is uniformly bounded, i.e., there exists M > 0 such that

lw(t)]| <M foreverywe Aandt € (tg,tx1], k=1,...,m.

2. A is equicontinuous on (ty, tr+1], i.e., for every € > 0, there exists 6 > 0 such that for each
t,t € (tg,txs1], the condition |t - f! < ¢ implies
|w(t) —w(?)| <€, foreveryw € A.
Theorem 2.8 (Banach’s fixed point theorem [7]). Let C be a nonempty closed subset of a Banach

space E. Then any contraction mapping T : C — C has a unique fixed point.

Theorem 2.9 (Krasnosel’skii’s fixed point theorem [7]). Let M be a nonempty, closed, and convex
subset of a Banach space X, and let A, B be operators such that

1. Ax + Bye M forallx,y € M;
2. A is compact and continuous,
3. B is a contraction mapping.

Then there exists 7 € M such that 7 = Az + Bz.
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3 Main results

To prove the existence of solutions to (1.1)—(1.3), we need the following auxiliary lemma.

Lemma 3.1. Let O < @ <1, 1 >0, and let o : I — R be continuous. Then a function w is a
solution of the fractional boundary value problem

(gfbf’ﬂw) (0)=0c@), €3k 3.1)
Am|,:,k = xk (w(t7)), k=0,1,....m, (3.2)
J10(0) + ow(x) = 3, (3.3)

if and only if it satisfies the fractional integral equation

J3e Jae —A(e—1; -
(1) = - 2, T x(w(i)
i=1

At —At m
J1+ e g+ e
—/l(zi—s) x e—/l(x—s)

—/l(x t;) _
F(cx)Z tio (tl—s)l D ) tm EESEOA (3.4)
t; —A(ti—s)
+Z —A(t—t;) /\,/l(m(t ))+ F( )Z —/1(1‘ 1) | (:_WO'(S) ds

1 t e—/l(t s)

+F(a) A (t_s)l_ad(s)ds.

Proof. Assume that w satisfies (3.1)-(3.3). If r € [0, 1], then

(g D;’Jm) t) = o (1).

By Lemma 2.6, it follows that

@ —/l(t s)
w(r) = e Yw(0) +ol, " o(t) =e” A (0) + @) / 7= )17110-(5) ds.

If t € (#1, 1], then, by Lemma 2.6, we obtain

—A(t-1) + 1 Lot
w(t) = e 1m(t1)+r(a)/ (t— 1_a(J'(s)ds

/l(t s)
e-Alt-n) (Amfz: + IJ;)(z‘1 F(a) / 7. )]_aa'(s) ds

31 e—/l(ll—s)

1
C(a) Jo (11—s)l-@

e My (i) + e [e-ﬂﬂm(m + o(s)ds

—/l(t s)
r(a)/ TR AR

—At —-A(t-1) - e_/l(t ) _/l(tl
= ¢ w(0)+e Vxi(w(t))) + @) / T aa'(s) ds

1 t e—/l(l‘—s)
+
() Jy (t=9)'"@

o(s)ds.
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If t € (2, t3], then, by Lemma 2.6, we obtain

A t e—/l(t—s)
w() = e (1)) + T T S)l_acr(s) ds
153 -
1 t e—/l(t—s)

o(s)ds

—A(t— _
=e (t-12) (Am|t:t2 + m(l‘2 )) + F(a’) ; ([ _ s)]_a
2

-A(t-1)

= ARy (w(1y)) + e e 2w (0) + e~y (w(1))

e—/l(lz—n) /t1 e—/l(ll—s) ( ) 1 15} e—/l(tz—s) ( )
o(s)ds + o(s)ds
[(a) Jo (11-s)t-@ C(a) J, (-s)t-@
1 t e—/l(t—s)

+F(a) \ (t_s)l_aa(s)ds

e—/l(t—ll) 3] e—/l(t|—s)

_ At -A(t—1) - -A(t-1) -
=e "w(0)+e w(t;)) +e w(,)) + —— ———0(s)ds
(0) @) i)+ o= [ et
ef/l(tftz) t ef/l(tzfs) 1 t ef/l(tfs)
o(s)ds + o(s)ds.
F(a) 131 (tZ - s)l_a F(a) 153 (t - S)l_a
Repeating this process, we obtain that the solution w(¢), for t € (tx,tr+1] withk = 1,...,m,

can be written as

k
w(t) = e Mw(0) + Y e i (w(r)))
i=1

ti e—/l(t,-—s) t e—/l(t—s)

k
1 E : —A(t-t;) 1
+ — e ' —o(s)ds + o(s)ds.
F(a) i=1 ti—1 (tl - S)l_a ( ) F(a) 175 (t - S)I—Cl ( )

Applying the boundary condition j;w(0) + jow(x) = j3, we obtain

m

e Yw(0) + Z e~ ) i (w(17))

i=1

1 m Aeets) ti ef/l(zifs) 1 % e*/l(xfs)
+—— ) e tVTh / ——o(s)ds + o(s)ds|.
@) 2 s =) [@ .y, -9 @

73 = 511w(0)+ )

It follows that

m
_ J3 J2 —A(x—t;) -
w(0) = - e Y yi(w(¢;
O =% 11+J2e—ﬁ%[; xi(w(;))

1 & i o=Ati—s) 1 % —A(x-s)
tra L | ) ds + S o(s)ds|.
') i=1 by (ti— )= ['(a) J;, (x—s)l-@
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Thus, for t € (tx, tr+1], where k = 1, ..., m, we have
-t -At m
_ J3e J2€ —A(e—1;) _
w(r) = - e Yxi(w(r;))
JUH e i+ jpe [; S

ti e—/l(l‘,‘—s) 1 b4 e—/l(%—s)

—A(x—t;

+—— > ¢ ———o(s)ds + o(s)ds
r(a)é oy (=)@ T@ ., i-s)@
t; —-A(ti—s)
—A(t—t;) e A= t;) €
+Z () + s >Z o oy
1 t —A(t-s)
¢ o(s)ds.

T ), (-5

Conversely, assume that w satisfies the impulsive fractional integral equation (3.4). Ifz € [0, #1],
then we have

—At At m
_ Jze J2€ —A(e—t;) _
w(r) = - (w7
2 J1+ e Jl+]2e"1”[lzz;e xi(w(1)
ti —A(t;-s) 1 % —-A(x-s)
—A(x—t; € €
+—— > e ——o(s)ds + o(s)ds
I(a) Zl o (- 9@ (@) Ji, Ge—s)-e
1 t e—/l(z—s)
+ ds.
@) Jo (=g’
Applying 5 Cpe ! t0 both sides, and using Lemmas 2.5 and 2.6, we obtain

CDOw(t) = o (1), forallr e [0,1].

Ifr e (tk,tk+]],Withk =1,...,m,then

et Joe™ Y O Aets) _
w(t) = Ji+ eV g+ et [;e xi(@(i;)
i ,—A(ti—s) % —A(x—s)
F(a/) Z ~Ale-ti) /ti_1 —(Z - s)l_aa'(s) ds + F(la) . (Z - S)l_aa(s) ds
+Z —A(t—1;) Xz(m(f )) + e )Z —/l(t ) t; (j/l(z,-ls_)ao-(s) s
tiog \li — s)
! el o(s)ds.

T ), G-sa
Applying ; CD" to both sides, and using Lemmas 2.5 and 2.6, we obtain
CD*w(r) = o (), forallt € (tg, trs1).
Moreover, it is easy to verify that
Am|t:tk = xk(w(ty)), k=1,....m,

and
J1w(0) + jow (%) = j3.

This completes the proof. O
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We are now in a position to state and prove our existence result for the problem (1.1)—(1.3),
based on Banach’s fixed point theorem.

Theorem 3.2. Assume that:
(H1) There exist constants K, L > 0 such that
|f(r,w,u) — f(t,w,u)] < K|lw—w| + L|u —u]
forallw,u,m,u € Randt € 3.
(H2) There exists a constant | > 0 such that
Dk (w) = xi(®)] < Iw ~ ],
forallwm,wm e Randk =1,...,m

If
~ Ke®(m+ Dx® Le™(m+ 1)x%*®

2| Im+ +
I'a+1) rRa+1)

_— <1, 3.5
lJ1 + joe= ¥

+1

then the problem (1.1)—(1.3) has a unique solution on 3.

Proof. We transform the problem (1.1)—(1.3) into a fixed point problem. Consider the operator
N : PC(3,R) — PC(J,R)

defined by

m

N(w)(7) = J3€_/lt B ]26_/11 |: Z e_/l(x—l‘i))(i(m(ti—))

Nt e g+ pem | &

ti e—/l(ti—s)

N ﬁie—a(%—n) /ti-1 mf (s,m(S),oIsa,Am(S)) ds

F(a/)/ (%_/l(:)IS)a (s,n)(s),oj;f”/lm(s)) ds

(3.6)
Z e~ 1710 vy (w(1y)
O<ti <t
Z -A(t— lk)/ ’ ﬂf (s m(s) OI“”lm(s)) ds
F((I) 0<ty <t k-1 (k _S)l “ )
1 t e—/l(t—s)

YTy, Gosra! (5, w(5), 0L w(s) ) ds

Clearly, the fixed points of the operator N are solutions of the problem (1.1)—(1.3).
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Let w,u € PC(J,R). For t € 3, we obtain
IN(w) (1) — N(u)(2)]
lJZle_/lt S -A(x—t;) - -
Z e i (0(27)) = i (u(t)|

71 + joe= ¥

IA

/l(t s)

F(a) Z e g z; sl ’f (s,m(s),ofs“’ﬂm(s)) - f (s,u(s),ofs“’ﬂu(s))’ ds

1 x /l(% s)
+
I'(a) Ji, (%_s)l_a

b3 e () - ()|

O<t <t

’ 7 (s, w(s), o]'s"”lm(s)) ~ f (), Ozs,wu(s))| ds

—-A(tg—s)

Z Ar—t )/tk €
- k
F( ) ., (1x —5)1-@

O<ti <t
1 t —/l(z—s)

+
L(a) J, (t—-s5)'-@
Next, using Lemma 2.2, (H1), and (H2), we obtain

IN (w)(z) = N(u)(2)]

¥ (s, m(s),ofs""/lm(s)) _f (s,u(s),()];“’/lu(s))‘ ds

| f (5 w(5), 027 w(s)) - £ (s, u(s),ol's"’/lu(s))| ds

= Mﬁllew(r —u ()|
F(a) Z/ (1 j(;)lé)a [K [w(s) — u(s)| + L |oZ,2 w(s) — oL, u(s)| ]ds
+F(la) Ox (z—_ﬂ(%)ls_)d [K w(s) = u(s)| + L |pZ* w(s) — oL, u(s)| ds] N Zﬂm(i) )]
r<a> Z / ' <fk i(t; IS)a |K [w(s) = u(s)| + LpL" w(s) = 02, u(s)] | ds
+F(la) 0 | (f—ﬂ@):g K 1w(s) = u(o)] + Lo L w(s) — 0L u () | ds
= %l&lm(r - (i)

+m 2/0 (1= )" |w(s) —u(s)| ds + LZ} (022 1w = w(9)1) (1| s

+%a) /o (x—5)*" w(s) —u(s)|ds + L (OI%ZQ’A [(w - u)(s)|) @)

+ ;ﬂm(t;) —u(r)]+ % ;/0 (- )7 f(s) - u(s)|ds + L; (OI,i“”l (w — u)(s)|) (1)

K 4 o .
+m./o (t-5) 1|Il)(s)—11(S)|ds+L(OJ't2 /l|(m—u)(s)|)(t)

—  KeY(m+ 1)x®  Le™(m+ 1)x*®

2| Im + +
I'a+1) I'a+1)

S —
|J1 + joe=¥|

lw —ullpc.
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Thus,

~  Ke%(m+ 1)x® Le%™(m+ 1)x%*®

2] Im+ +
I'a+1) I'Ra+1)

S UL E—
lJ1 + joe= ¥

IN(w) =NW)lpc <

l”m—uﬂPc-

By (3.5), the operator N is a contraction. Hence, by Banach’s contraction principle, N admits a
unique fixed point, which is the unique solution of the problem (1.1)—(1.3). O

Our second result is based on Krasnoselskii’s fixed point theorem.

Theorem 3.3. Assume that (H1) and (H2) hold. If

~  K(m+1x®  Lmx*®
2] +1|[Im+ (m + D + i <1,
|J1 + joe= ] I'a+1) 'QRa+1)
then the problem (1.1)—(1.3) has at least one solution.
Proof. Consider the set
By ={y e PC(J.R) : Iyllpc <1°},
where
31 L2l w o Sr(m+1)x®
lJ1+72e=] + ll]ﬁne"l"l 1 my”+ T'(a+l1) ]
= , (3.7)
|21 i K (m+1)x® L(m+1)x2e
a [|_11+.1226M| 1| im =+ FTMI) Fr(nz(”l) }
with
f*:suplf(t’()?())" /\/*: max |Xl|
e 1<i<m

We define the operators P and Q on B+ by

-At —At m
_ J3e Jae —A(x—1;) _
Pw(t = — [ e (w(t:
" Ji+pe ¥ g+ pem ; K1)
1 m A t; e—/l(ti—s)
JE— —A(x~1;) a,d
+ e < ¥ (s,m(s),of, m(s)) ds (3.8)
F(a/) ; ti—1 (tl - s)l_a/ ’
1 ” e—/l(x—s)

f (5w 025 w(s)) ds| + 3 e 0 g (w(r)

+
[(a) tm (2 —s)l=@ 0<ti <t

179 e—/l(tk—s)

b —A(r—rw/ . N
S N 5 1% d s t ,
+F(a) Z ‘ teer (Tk —s)l—(lf(s w(s), o/ m(s)) § SIR)

O<tr <t
and
1 t e—/l(t—s)

(@) e (t—s)l-a

ow(r) = f (s, m(s),ofswm(s)) ds, 1€S. (3.9)

Then, the fractional integral equation (3.6) can be written as the operator equation
Nw(t) = Pw(t) + Qw(t), forw e PC(J,R).

The proof will be given in several steps.
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Step 1: We prove that Pw + Qu € B+ for any w,u € B,+. Let w € PC(J,R). Then, for € ,
we have

73] 2]
71+ j2e=¥|  |j1 +Jze‘”‘”|

|Pw(t)| <

D @) = xi(0)] + D 1xi (0)]
i=1 i=1

e~ A=

F(Q)Z/ (ti = s)1 @

—/l(t, s)

T Z/ Gy M (0.0 ds

F(a)/ o-A0x-5) |f(s,m(S),oIS"’/lm(s))—f(s,0,0)| ds

(% —s)l-@

—/l(% s)
F(a') / (% — )1_(, |f (s,0,0)| ds

+Z b (w(t)) = xi (O] + D 1 (0)]
k=1

(s, m(s),oIS“’/lm(s)) — £ (s,0, 0)| ds

/l(tk s) 1
T Z/ e (w0 ) - £ (50,0 d
—/l(l‘k S‘)
alf(s,0,0)|ds
F(a),;/ e
173l 2l L fme e
< - 4]
S irpe ¥ intpe ™ T Ty M

K (m + 1)x® N n*L(m + 1)@
I'a+1) I'a+1)

+|Imn* + my* +

n*Kmax® N 7 Lmx*®  f*(m+ 1)x®
I'e+1) TRa+1) I'a+1)

This gives

[Pw|pc <
lJ1+ 2= |j1 + joe= [(a+1)

* o —
sl [m*+f(m+1)% ”

7K (m + D)x®  n*L(m + 1)x*®
I'a+1) I'Ra+1)

T Kmx®  np*Lmx*®  f*(m+ 1)x®
I'ae+1) TRa+1) I'a+1)

+|Imn* + my* +

]. (3.10)

Thus, (3.9) implies

1 t -A(t-s)
ew®l < Foos | (f e (5 w0002 ) - £ (5.0.0) s
—/l (t—s)
+F(a)/ = )1a|f(s00)|ds
< Kx%np* Lx?y*

F(a/+ D" Ta+D) TQa+D)
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Therefore,
P K%an* L%Z(tn*
+ + .
INa+1) T'(a+1) TRa+1l)
Combining (3.10) and (3.11), for every w, u € B+, we obtain

|Qullpc < (3.11)

|Pw + Qu|lpc < |[|Pw|lpc + [|Qullpc
|73 2] ! . STm+ Dx®
—Ax —Ax my +
1+ j2e=%] | 1j1 + joe= Y| [(a+1)
~ Km+1Dx® L(m+1)x*®
2] w1l + (m + 1)x N (m+1)x .
|j1 + joe= ] I'a+1) 'Ra+1)

Then, it follows from (3.7) that
|Pw + Qullpc < 7",
which implies that Pw + Qu € B,-.

Step 2: Clearly, P is a contraction.

Step 3: Q is compact and continuous.
The continuity of Q follows from the continuity of f. Next, we prove that Q is uniformly bounded
on B,:. Let w € By-. Then, by (3.11), we have

f*%a K%an* L%Zan*

lowllre < T " Fas D T T2+ D)

This shows that Q is uniformly bounded on B,-.
Next, we show that QB+ is equicontinuous. Let w € B,,- and let 0 < 61 < 62 < x. Then,

|Qw(01) — Qw(62)|

1 o1
< m‘/' (63 — s)a—le—/l(ﬁz—S) - (6, - S)a—]e—/l(él—S) |f(s’m(s)’01;a/,/lm(s))|ds
@) Jo
62
T (67 — 5) @1 e 10279 £ (5 w(s), o L, w(s))| ds
a S
1 o1 ,
< 1"( ) / |(52 _ s)rz—le—/l(éz—s) _ (51 _ s)a—le—/l(&—é) |f(S,ID(S),0_Z;Q’/ln)(s)) _ f(S,O, 0)|ds
@) Jo
1[0 ,
+m/ |(62 _ )@ e85 _ (5, — )@= 819 £(5.0,0)| ds
@) Jo
1 %2
oy f, @279 e (s m(s), 0L w(9) - £ (5.0, 0)|ds
a S
62
ey J, @90 (5. 0.0)lds
a S
% * )
. K:;(+)f ! ‘(62 _g)alemA82m5) _ (5, _ gya=1,-A(51-9)] 4
a 0
Ly* o 2a-1 _-A(8 o 2a-1_-A(8
+ / (61 —8)°* oAl ‘_S)ds—/ (62 —8)°*” e~ A(82=5) ¢
F(z(l) 0 0
* s * % O
+ 2Ly 62 2Kn* + f 2((52 _ S)Q_1e_,l(52_s) ds.

T+ T |Js
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Note that
|Qu(61) — Qu(62)| — (0 as 52 e (51.

This shows that OB« is equicontinuous on J. Therefore, OB, is relatively compact on B,:. By
the Arzeld—Ascoli theorem, Q is compact on B«
By Krasnoselskii’s fixed point theorem, the operator N has at least one fixed point, which

implies that the problem (1.1)—(1.3) has at least one solution. O
4 Example
Consider the following boundary value problem with impulse:
Cm3:2 3.1
0D w(t) = flt,w(1),0L> w(t)|, teJyUlJy, 4.1)
1
Amlt:% = X1 |W E , (4.2)
2 6 1
Sw(0) + Zw(1) = 3 (43)
where Jy = [0, %] and J; = (% 1].
We have
1 3T (r+1) ¢ e T oI w(r)
f(t,m(t),ol;z’ m(t)) ==, 3 w(r) + 13000 — > :
ev N €\ +0 w(r)
and

Here a = %,/1: 1,71 = %,]zz 2,13 = %,andx:
It is clear that f € C([0, 1],R).
Let w,w,v,v € Rand7 € §. Then

lv —v.

_ 1
w- |+
| | 33¢19

f (w.v) - f (1®.7)] <

Moreover,
— 1 —
1 (w) = 1 ()] < 2w - w].
Hence, conditions (H1) and (H2) are satisfied with

1 1
K= , L=—,
er 33e!?

1

7=1
5

The condition

~ eK(m+ 1)x® eL(m+ 1)x®

2| Im+ +
I'a+1) rRa+1)

2l ~ 0.78005 < 1
[71 + j2e~ ]

+1

is satisfied. It follows from Theorem 3.2 that the problem (4.1)—(4.3) has a unique solution.
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