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Abstract. In this paper, we study a nonlocal initial �boundary value problem for an abstract time-fractional
diffusion-wave equation involving an unbounded, positive, self-adjoint operator on a Hilbert space. The
existence of a mild solution is investigated using the eigenfunction decomposition method. By expanding
the solution in terms of the operators eigenfunctions, the problem is reduced to a system of ordinary fractional
differential equations with nonlocal conditions. The solutions of these equations are expressed in terms of
the Mittag-Leffler function. By examining the zeros of the denominator, we identify the appropriate interval
of definition, which excludes the right endpoint, ensuring the correctness of the solution. The solution to the
original problem is expressed as a series expansion in terms of the eigenfunctions of an abstract operator. By
applying estimation techniques in the corresponding Hilbert spaces, we establish the existence, uniqueness,
and regularity of the solution.
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1 Introduction

Let 𝑇 > 0 be a fixed constant, and let 𝐻 be a separable Hilbert space equipped with the inner
product (·, ·) and the associated norm ∥ · ∥. Let

𝐴 : 𝐷 (𝐴) ⊂ 𝐻 → 𝐻

be an unbounded, positive, self-adjoint operator on 𝐻 such that its inverse 𝐴−1 exists and is a
compact operator on 𝐻. Moreover, 0 ∉ 𝜎(𝐴).

Suppose that 𝐴 has a complete system of orthonormal eigenfunctions {𝑒𝑛} in 𝐻, associated
with a countable set of positive eigenvalues {𝜆𝑛}. It is convenient to assume that the eigenvalues
are nondecreasing, that is,

0 < 𝜆1 ≤ 𝜆2 ≤ · · · → +∞.

We consider the following fractional wave equation:

𝜕𝛼
𝑡 𝑢(𝑡) + 𝐴𝑢(𝑡) = 𝐹 (𝑡), 𝑡 ∈ (0, 𝑇), (1.1)
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where 𝜕𝛼
𝑡 denotes the Caputo time-fractional derivative of order 1 < 𝛼 < 2, defined by

𝜕𝛼
𝑡 𝑦(𝑡) = 𝑡1−𝛼

+
Γ(2 − 𝛼) ★ 𝑦′′(𝑡),

where ★ denotes the convolution, Γ(·) is Euler’s Gamma function, and

𝑡1−𝛼
+ =

{
𝑡1−𝛼, 𝑡 > 0,
0, 𝑡 ≤ 0,

and the source term 𝐹 (𝑡) is given.
We supplement equation (1.1) with the following non-local initial conditions:

𝛾𝑢(0) + 𝑢(𝑇) = 𝜑, 𝑢′(𝑇) = 𝜓, (1.2)

where 𝛾 ∈ (−∞,−1) ∪ (0,∞) is a given number, and 𝜑 and 𝜓 are given elements of 𝐻.

Definition 1.1. A function 𝑢(𝑡), represented by the series

𝑢(𝑡) =
∞∑
𝑛=1

𝑢𝑛 (𝑡) 𝑒𝑛,

is called a mild solution of the fractional problem (1.1)–(1.2) if

𝑢 ∈ 𝐶 ( [0, 𝑇]; 𝐷 (𝐴)) ∩ 𝐶1( [0, 𝑇];𝐻),

and its Fourier coefficients 𝑢𝑛 (𝑡) = (𝑢(𝑡), 𝑒𝑛) satisfy the scalar fractional differential equations

𝜕𝛼
𝑡 𝑢𝑛 (𝑡) + 𝜆𝑛𝑢𝑛 (𝑡) = 𝐹𝑛 (𝑡), 𝑡 ∈ (0, 𝑇), 1 < 𝛼 < 2,

subject to the nonlocal conditions

𝛾𝑢𝑛 (0) + 𝑢𝑛 (𝑇) = 𝜑𝑛, 𝑢′𝑛 (𝑇) = 𝜓𝑛, 𝑛 ∈ N,

where
𝜑𝑛 = (𝜑, 𝑒𝑛), 𝜓𝑛 = (𝜓, 𝑒𝑛), 𝐹𝑛 (𝑡) = (𝐹 (𝑡), 𝑒𝑛).

The fractional diffusion-wave (or superdiffusion) equation with Caputo time derivatives of order
1 < 𝛼 < 2 has attracted substantial interest due to its ability to model phenomena exhibiting
both diffusive and wave-like characteristics. Foundational work by Sakamoto and Yamamoto [20]
rigorously established the well-posedness and regularity of solutions to initial and boundary value
problems for such equations, along with important results on related inverse problems, including
source and coefficient identification.

Building on this foundation, recent studies have extended the analysis to fractional partial dif-
ferential equations with nonlocal or multi-point initial conditions and have explored backward and
ill-posed inverse problems. For example, Alimov and Ashurov [1] examined backward problems
for time-fractional subdiffusion equations, developing stability estimates and regularization meth-
ods that are essential for handling the inherent ill-posedness of such problems. Similarly, Ashurov
and Fayziev [2] studied the fractional diffusion equation with nonlocal initial conditions, providing
existence, uniqueness, and stability results for direct and inverse source problems within a spectral
framework.
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Moreover, Floridia, Li, and Yamamoto [8] analyzed the well-posedness of backward problems
in time for general time-fractional diffusion equations, contributing important theoretical insights
into stability and uniqueness. Nonlocal-in-time conditions arise naturally in applications where
control or observation is performed at the terminal time or over time intervals, and they have been
rigorously investigated in the recent literature.

In particular, Ruzhansky et al. [19] developed a detailed spectral framework for fractional
diffusion-wave equations under multi-point and integral conditions, proving existence and unique-
ness via Mittag-Leffler expansions. Their approach is particularly well suited to Hilbert space
settings, where the operator 𝐴 admits a complete set of eigenfunctions.

These developments motivate the present study, in which we consider fractional diffusion-wave
equations in a separable Hilbert space equipped with a positive self-adjoint operator, together with
nonlocal time conditions.

In recent years, alongside classical conditional problems, inverse problems involving nonlocal
conditions have been extensively investigated. In particular, Kirane, Malik, and Al-Gwaiz [11]
addressed such an inverse problem for a two-dimensional time-fractional diffusion equation with
nonlocal boundary conditions. Specifically, the authors considered a linear time-fractional diffu-
sion equation defined on a rectangular spatial domain, involving a Caputo time-fractional derivative
and nonlocal boundary conditions. The main objective was to determine an unknown source term,
independent of time but possibly depending on the spatial variables, from additional integral-type
measurements and nonlocal boundary specifications.

Xing Cheng and Zhiyuan Li [21] investigated an inverse source problem for a time-fractional
diffusion-wave equation in a bounded domain, focusing on the recovery of a spatially dependent
source term from additional measurement data provided on part of the boundary. Lingyun Qiu and
Jiwoon Sim [13] studied the uniqueness of recovering either the spatial or the temporal component
of a separated source term in a time-fractional diffusion-wave equation from limited observation
data.

In the context of fractional diffusion-wave equations, which interpolate between parabolic and
hyperbolic behavior through a Caputo time-fractional derivative of order 𝛼 ∈ (1, 2), ill-posedness
typically manifests as severe instability unless additional structural conditions are imposed. Dur-
diev and Rahmonov [4, 5] investigated coefficient identification problems for time-fractional dif-
fusion and wave equations subject to time-nonlocal initial and boundary conditions, together with
integral overdetermination conditions providing additional data.

In a recent work, Durdiev [6] considered a multidimensional time-fractional wave equation with
integral overdetermination constraints aimed at determining unknown components of a source term
assumed to be separable in time and space. Furthermore, Durdiev’s monograph [7] provides a com-
prehensive study of inverse problems related to the identification of source terms and coefficients
in fractional-order diffusion equations, and develops a general theoretical framework for their anal-
ysis.

Rahmonov [15] investigated the inverse problem of determining a time-dependent coefficient
in a time-fractional wave equation posed on a bounded domain, with Robin-type boundary con-
ditions and additional integral (overdetermination) data. In addition, Rahmonov [17] studied an
inverse problem for a one-dimensional time-fractional integro-differential wave equation with a
Gerasimov–Caputo fractional derivative. The author first analyzed the corresponding direct prob-
lem, establishing existence, uniqueness, and regularity of weak solutions under suitable assump-
tions.

In the theory of inverse problems for fractional integro-differential equations, establishing well-
posedness—that is, existence, uniqueness, and continuous dependence of the solution on the data—
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is fundamental for both theory and applications. Moreover, Rahmonov [16] examined backward
and inverse problems for a time-fractional integro-differential diffusion equation in an abstract Ba-
nach space setting, where the temporal dynamics involve nonlocal memory effects through frac-
tional operators.

Backward (or final-value) problems for fractional evolution equations are prototypical examples
of ill-posed problems, since reconstructing past states from later measurements generally violates
the classical Hadamard well-posedness criteria. The case 1 < 𝛼 < 2 differs significantly from the
case 0 < 𝛼 < 1, which is well posed for any 𝑇 > 0. The main results for backward problems with
𝛾 = 0 (see [9]) can be summarized as follows:

Backward problem in time.

1. 0 < 𝛼 < 1: well posed for any 𝑇 > 0;

2. 𝛼 = 1: severely ill posed, but uniqueness and conditional stability hold for any 𝑇 > 0;

3. 1 < 𝛼 < 2: well posed for 𝑇 > 0 not belonging to a countable set Λ (see (3.1)); for such
exceptional values of 𝑇 , non-uniqueness may occur.

A recent paper by A.A. Rahmonov (see [18]) addresses an inverse problem for an abstract
diffusion equation with a fractional time derivative within an operator framework. A key feature of
this work is its abstract setting, which allows the results to apply to a broad class of diffusion-type
problems, including those defined on Hilbert and Banach spaces with various boundary conditions.

The use of fractional calculus and spectral methods yields constructive representations of both
the direct and inverse solutions, while the application of fixed-point arguments and a priori esti-
mates ensures rigorous well-posedness results, even in the presence of nonlocal effects induced by
the fractional time derivative. Rahmonov’s contribution fits into the broader framework of frac-
tional inverse problems by extending classical diffusion coefficient recovery to fractional settings,
where memory effects complicate both analytical and numerical reconstruction.

The abstract nature of the approach implies that specific partial differential equation models,
such as time-fractional diffusion equations on bounded domains, can be treated as particular real-
izations of the general theory.

The paper is organized as follows. Section 2 introduces auxiliary concepts and new results
needed for the study of problem (1.1)–(1.2). In Section 3, we investigate the direct problem in
detail, including existence, uniqueness, and regularity of solutions. Section ?? summarizes the
main results and presents some open problems related to the problem under consideration. The list
of references is given at the end of the paper.

2 Notations and preliminaries

2.1 Functional spaces

In this subsection, we introduce some definitions and preliminary results that will be used through-
out the paper.

Let 𝜎 be an arbitrary real number. We define the power of the operator 𝐴, acting on 𝐻, by

𝐴𝜎𝑔 =
∞∑
𝑛=1

𝜆𝜎
𝑛 𝑔𝑛𝑒𝑛,
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where 𝑔𝑛 = (𝑔, 𝑒𝑛) are the Fourier coefficients of a function 𝑔 ∈ 𝐻. The domain of this operator
is given by

𝐷 (𝐴𝜎) =
{
𝑔 ∈ 𝐻 :

∞∑
𝑛=1

𝜆2𝜎
𝑛 | (𝑔, 𝑒𝑛) |2 < ∞

}
.

For elements of 𝐷 (𝐴𝜎), we introduce the norm

∥𝑔∥2
𝐷 (𝐴𝜎 ) =

∞∑
𝑛=1

𝜆2𝜎
𝑛 |𝑔𝑛 |2 = ∥𝐴𝜎𝑔∥2.

Let𝑉 be a Banach space. We denote by 𝐶 ([0, 𝑇];𝑉) the space of all continuous functions from
[0, 𝑇] into 𝑉 , endowed with the norm

∥𝑔∥𝐶 ( [0,𝑇 ];𝑉 ) = max
𝑡∈[0,𝑇 ]

∥𝑔(𝑡)∥𝑉 .

For 0 < ℓ < 1, we denote by 𝐶0,ℓ ( [0, 𝑇];𝑉) the subspace of 𝐶 ( [0, 𝑇];𝑉) consisting of all Hölder
continuous functions, equipped with the ℓ-Hölder seminorm

[𝑔]𝐶0,ℓ ( [0,𝑇 ];𝑉 ) := sup
0≤𝑡1<𝑡2≤𝑇

∥𝑔(𝑡2) − 𝑔(𝑡1)∥𝑉
|𝑡2 − 𝑡1 |ℓ

,

and the ℓ-Hölder norm

∥𝑔∥𝐶0,ℓ ( [0,𝑇 ];𝑉 ) = ∥𝑔∥𝐶 ( [0,𝑇 ];𝑉 ) + [𝑔]𝐶0,ℓ ( [0,𝑇 ];𝑉 ) .

We denote by 𝐴𝐶 [0, 𝑇] the space of absolutely continuous functions on [0, 𝑇], and define

𝐴𝐶𝑚 [0, 𝑇] := {𝑦 : 𝑦 ∈ 𝐶𝑚−1 [0, 𝑇], 𝑦 (𝑚−1) ∈ 𝐴𝐶 [0, 𝑇]}, 𝑚 ≥ 2.

The Mittag–Leffler function is defined as follows (see [10], pp. 40–45):

𝐸𝜌,𝜇 (𝑧) =
∞∑
𝑘=0

𝑧𝑘

Γ(𝜌𝑘 + 𝜇) , 𝑧 ∈ C,

where Re(𝜌) > 0 and 𝜇 ∈ C. It is well known that 𝐸𝜌,𝜇 is an entire function on C.

Lemma 2.1 ( [14], p. 35). Let 0 < 𝜌 < 2 and 𝜇 ∈ R. Let 𝜅 satisfy
𝜋𝜌

2
< 𝜅 < min{𝜋, 𝜋𝜌}.

Then there exists a constant 𝑐 = 𝑐(𝜌, 𝜇, 𝜅) > 0 such that��𝐸𝜌,𝜇 (𝑧)
�� ≤ 𝑐

1 + |𝑧 | , 𝜅 ≤ | arg(𝑧) | ≤ 𝜋.

For the proof, we refer to [3].

Lemma 2.2 ( [12]). Let 1 < 𝛼 < 2 and let ℎ ∈ 𝐴𝐶 [0, 𝑇]. Define

𝑝(𝑡) =
(
ℎ ★ (𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼))

)
(𝑡), 𝑡 > 0.

If 𝜆 > 0, then 𝑝 ∈ 𝐴𝐶2 [0, 𝑇] and satisfies

𝜕𝛼
𝑡 𝑝(𝑡) + 𝜆𝑝(𝑡) = ℎ(𝑡), 0 < 𝑡 ≤ 𝑇.
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Lemma 2.3. Let 1 < 𝛼 < 2, 𝜆 > 0, and 𝑚 ∈ N. Then the following identities hold:

For all 𝑡 ≥ 0,
𝑑

𝑑𝑡
𝐸𝛼,1(−𝜆𝑡𝛼) = −𝜆𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼),

𝑑

𝑑𝑡

(
𝑡𝐸𝛼,2(−𝜆𝑡𝛼)

)
= 𝐸𝛼,1(−𝜆𝑡𝛼).

For all 𝑡 > 0,
𝑑𝑚

𝑑𝑡𝑚
𝐸𝛼,1(−𝜆𝑡𝛼) = −𝜆𝑡𝛼−𝑚𝐸𝛼,𝛼−𝑚+1(−𝜆𝑡𝛼),

𝑑

𝑑𝑡

(
𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)

)
= 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼),

and
𝜕𝛼
𝑡

(
𝑡𝐸𝛼,2(−𝜆𝑡𝛼)

)
= −𝜆𝑡𝐸𝛼,2(−𝜆𝑡𝛼),

𝜕𝛼
𝑡 𝐸𝛼,1(−𝜆𝑡𝛼) = −𝜆𝐸𝛼,1(−𝜆𝑡𝛼).

The proof can be found in [10].

Lemma 2.4. Let 1 < 𝛼 < 2, ℎ > 0, and 𝑡 ≥ 𝛿 > 0. Then, for ℎ sufficiently small, the following
inequality holds:

ln
(
1 + ℎ

𝑡

)
≤

(
ℎ

𝛿

)𝛼−1
.

The result follows from elementary estimates.

2.2 Solution of the nonlocal problem for an ordinary fractional equation
We consider the fractional ordinary differential equation

𝜕𝛼
𝑡 𝑦(𝑡) + 𝜆𝑦(𝑡) = 𝑓 (𝑡), 0 < 𝑡 < 𝑇, (2.1)

subject to the nonlocal conditions

𝛾𝑦(0) + 𝑦(𝑇) = 𝑎𝑇 , 𝑦′(𝑇) = 𝑏𝑇 , (2.2)

where 𝜆, 𝛾, 𝑎𝑇 , and 𝑏𝑇 are given real numbers. We assume that 𝜆 > 0 and 𝛾 ∈ (−∞,−1) ∪ (0,∞).
Let 𝑓 be a given real-valued function defined on [0, 𝑇] such that 𝑓 ∈ 𝐴𝐶 [0, 𝑇]. According

to [10, Theorem 5.15, p. 323], the general solution of (2.1) is given by

𝑦(𝑡) = 𝐸𝛼,1(−𝜆𝑡𝛼) 𝑑1 + 𝑡𝐸𝛼,2(−𝜆𝑡𝛼) 𝑑2 + 𝑓 ★
(
𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)

)
, (2.3)

where 𝑑1, 𝑑2 are arbitrary real constants. By Lemma 2.3, for 𝜆 > 0 and 𝑡 > 0, it follows from (2.3)
that

𝑦′(𝑡) = −𝜆𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼) 𝑑1 + 𝐸𝛼,1(−𝜆𝑡𝛼) 𝑑2 + 𝑓 ★
(
𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼)

)
. (2.4)

Evaluating (2.3) and (2.4) at 𝑡 = 𝑇 , we obtain

𝑦(𝑇) = 𝐸𝛼,1(−𝜆𝑇 𝛼) 𝑑1 + 𝑇𝐸𝛼,2(−𝜆𝑇 𝛼) 𝑑2 +
(
𝑓 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)

)
(𝑇), (2.5)

and

𝑦′(𝑇) = −𝜆𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑇 𝛼) 𝑑1 + 𝐸𝛼,1(−𝜆𝑇 𝛼) 𝑑2 +
(
𝑓 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼)

)
(𝑇). (2.6)
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Substituting (2.5) and (2.6) into the boundary conditions (2.2), we obtain

𝑑1 =
1

𝜌(𝜆𝑇 𝛼)
[
𝐸𝛼,1(−𝜆𝑇 𝛼) 𝑎𝑇 − 𝑇𝐸𝛼,2(−𝜆𝑇 𝛼) 𝑏𝑇

− 𝐸𝛼,1(−𝜆𝑇 𝛼) ( 𝑓 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)) (𝑇)

+ 𝑇𝐸𝛼,2(−𝜆𝑇 𝛼) ( 𝑓 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼)) (𝑇)
]
,

and

𝑑2 =
1

𝜌(𝜆𝑇 𝛼)
[
(𝛾 + 𝐸𝛼,1(−𝜆𝑇 𝛼)) 𝑏𝑇 + 𝜆𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑇 𝛼) 𝑎𝑇

− (𝛾 + 𝐸𝛼,1(−𝜆𝑇 𝛼)) ( 𝑓 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼)) (𝑇)

− 𝜆𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑇 𝛼) ( 𝑓 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)) (𝑇)
]
,

where
𝜌(𝜂) = 𝛾𝐸𝛼,1(−𝜂) + 𝐸𝛼,1(−𝜂)2 + 𝜂 𝐸𝛼,2(−𝜂)𝐸𝛼,𝛼 (−𝜂), 𝜂 > 0. (2.7)

Substituting the constants 𝑑1 and 𝑑2 into (2.3), we obtain

𝑦(𝑡) = 𝐸𝛼,1(−𝜆𝑡𝛼)
𝜌(𝜆𝑇 𝛼)

[
𝐸𝛼,1(−𝜆𝑇 𝛼) 𝑎𝑇 − 𝑇𝐸𝛼,2(−𝜆𝑇 𝛼) 𝑏𝑇

− 𝐸𝛼,1(−𝜆𝑇 𝛼)
(
𝑓 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)

)
(𝑇)

+ 𝑇𝐸𝛼,2(−𝜆𝑇 𝛼)
(
𝑓 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼)

)
(𝑇)

]
+ 𝑡𝐸𝛼,2(−𝜆𝑡𝛼)

𝜌(𝜆𝑇 𝛼)
[
(𝛾 + 𝐸𝛼,1(−𝜆𝑇 𝛼)) 𝑏𝑇 + 𝜆𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑇 𝛼) 𝑎𝑇

− (𝛾 + 𝐸𝛼,1(−𝜆𝑇 𝛼))
(
𝑓 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑡𝛼)

)
(𝑇)

− 𝜆𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑇 𝛼)
(
𝑓 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)

)
(𝑇)

]
+ 𝑓 ★

(
𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑡𝛼)

)
. (2.8)

Before studying problem (1.1)–(1.2), we analyze the zeros of the function 𝜌(𝜂) defined in (2.7).

Lemma 2.5. Let 𝛾 ∈ (−∞,−1) ∪ (0,∞). Then the set

P = {𝜂 > 0 : 𝜌(𝜂) = 0}

is nonempty and finite. Moreover, there exists a constant 𝑐1 > 0 such that

|𝜌(𝜂) | ≥ 𝑐1

𝜂
, for all 𝜂 ≥ 𝑐1.

Proof. We distinguish two cases.

Case 1: 𝛾 < −1. By the analyticity of the Mittag–Leffler function, the function 𝜌(𝜂) is analytic
for 𝜂 > 0 and continuous on [0,∞). Moreover, from the asymptotic expansions of Mittag–Leffler
functions for 1 < 𝛼 < 2, we have

𝐸𝛼,1(−𝜂) =
1

Γ(1 − 𝛼)
1
𝜂
+𝑂

(
1
𝜂2

)
,

𝐸𝛼,2(−𝜂) =
1

Γ(2 − 𝛼)
1
𝜂
+𝑂

(
1
𝜂2

)
,

𝐸𝛼,𝛼 (−𝜂) =
−1

Γ(−𝛼)
1
𝜂2 +𝑂

(
1
𝜂3

)
,

as 𝜂 → ∞, (2.9)
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(see, e.g., [14], pp. 29–37). Consequently,

𝜌(𝜂) = 𝛾𝐸𝛼,1(−𝜂) + 𝐸𝛼,1(−𝜂)2 + 𝜂𝐸𝛼,2(−𝜂)𝐸𝛼,𝛼 (−𝜂)

=
𝛾

Γ(1 − 𝛼)
1
𝜂
+𝑂

(
1
𝜂2

)
, as 𝜂 → ∞.

Since Γ(1 − 𝛼) < 0 and 𝛾 < −1, it follows that
𝛾

Γ(1 − 𝛼) > 0.

Hence, there exists 𝑀 > 0 such that 𝜌(𝜂) > 0 for all 𝜂 ≥ 𝑀 . On the other hand, since 𝜌(0) =
𝛾 + 1 < 0, the continuity of 𝜌 on [0,∞) ensures the existence of 𝜀 > 0 such that 𝜌(𝜂) < 0 for
0 ≤ 𝜂 ≤ 𝜀. By the intermediate value theorem, there exists 𝜂1 ∈ (𝜀, 𝑀) such that 𝜌(𝜂1) = 0.

Moreover, since 𝜌 is analytic on [𝜀, 𝑀], the set

{𝜂 ∈ [𝜀, 𝑀] : 𝜌(𝜂) = 0}

is finite. Otherwise, by analyticity, 𝜌 would vanish identically on [𝜀, 𝑀], which would imply
𝜌(0) = 0, contradicting 𝜌(0) = 𝛾 + 1.

Case 2: 𝛾 > 0. In this case, we have
𝛾

Γ(1 − 𝛼) < 0.

Arguing as above, we conclude that the set P is nonempty and finite. Indeed, since 𝜌(0) = 𝛾+1 > 0
and 𝜌(𝜂) < 0 for sufficiently large 𝜂, the intermediate value theorem again guarantees the existence
of at least one zero.

Finally, from the asymptotic expansion (2.9), there exists 𝑐1 > 0 such that

|𝜌(𝜂) | ≥ 𝑐1

𝜂
, for all sufficiently large 𝜂. (2.10)

This completes the proof. □

We set
{𝜂1, . . . , 𝜂𝑁 } = {𝜂 > 0 : 𝜌(𝜂) = 0},

with 𝜂1 < · · · < 𝜂𝑁 . By Lemma 2.5, we have no explicit information on the number 𝑁 of zeros of
𝜌, except that it is finite and nonzero. In the next lemma, we provide an upper bound for the largest
zero 𝜂𝑁 .

For convenience, we set

𝜇1 :=
1

𝛼Γ(−𝛼) , 𝜇2 :=
1

𝛼(𝛼 − 1)Γ(−𝛼) , 𝜇3 :=
1

Γ(−𝛼) .

Then 𝜇1, 𝜇2, 𝜇3 > 0, since Γ(−𝛼) > 0 for 1 < 𝛼 < 2.
For 1 < 𝛼 < 2, we fix 𝜃 such that

𝜋𝛼

2
< 𝜃 < 𝜋.

Let 𝑙 = 𝑙 (𝜃) (see Fig. 1) denote the contour in C directed from ∞𝑒−𝑖 𝜃 to ∞𝑒𝑖 𝜃 , consisting of
(see [3], p. 126)

𝑙 (𝜃) =


𝑆1 = {𝑧 : arg 𝑧 = −𝜃, |𝑧 | ≥ 1},
𝐶 = {𝑧 : −𝜃 ≤ arg 𝑧 ≤ 𝜃, |𝑧 | = 1},
𝑆2 = {𝑧 : arg 𝑧 = 𝜃, |𝑧 | ≥ 1}.
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Figure 1: The contour of integration 𝑙 (𝜃).

We define
𝜈1 =

1
2𝜋𝛼 sin 𝜃

∫
𝑙

��exp(𝜁1/𝛼)
�� |𝜁 | |𝑑𝜁 |,

𝜈2 =
1

2𝜋𝛼 sin 𝜃

∫
𝑙

��exp(𝜁1/𝛼)
�� |𝜁1−1/𝛼 | |𝑑𝜁 |,

𝜈3 =
1

2𝜋𝛼 sin 𝜃

∫
𝑙

��exp(𝜁1/𝛼)
�� |𝜁1+1/𝛼 | |𝑑𝜁 |.

Since there exists a constant 𝑐0 > 0 such that

| exp(𝜁1/𝛼) | ≤ exp
(
−𝑐0 |𝜁 |1/𝛼

)
, 𝜁 ∈ 𝑙

(see [3], p. 135), it follows that
0 < 𝜈1, 𝜈2, 𝜈3 < ∞.

We are now in a position to prove the following result.

Lemma 2.6. Let 𝛾 > 0. Then

𝜂𝑁 < max
{

1
| cos 𝜃 | ,

1
𝜇1𝛾

(
1

𝛼2(𝛼 − 1)Γ(−𝛼)
+ 𝛾𝜈1 + 2𝜇1𝜈1 + 𝜇2𝜈3 + 𝜇3𝜈2 + 𝜈2

1 + 𝜈2𝜈3

)}
.

Proof. By formula (1.145) in [14], we have
𝐸𝛼,1(−𝜂) = −𝜇1

𝜂
+ 𝐼𝛼,1(𝜂), 𝐸𝛼,2(−𝜂) =

𝜇2

𝜂
+ 𝐼𝛼,2(𝜂),

𝐸𝛼,𝛼 (−𝜂) = −𝜇3

𝜂2 + 𝐼𝛼,𝛼 (𝜂), 𝜂 ≥ 1,
(2.11)

where
𝐼𝛼, 𝑗 (𝜂) =

−1
2𝜋𝛼𝑖 𝜂

∫
𝑙
exp

(
𝜁

1
𝛼
)
𝜁

1− 𝑗
𝛼 +1 𝑑𝜁

𝜁 + 𝜂
, 𝑗 = 1, 2,

and
𝐼𝛼,𝛼 (𝜂) =

1
2𝜋𝛼𝑖 𝜂2

∫
𝑙
exp

(
𝜁

1
𝛼
)
𝜁

1
𝛼+1 𝑑𝜁

𝜁 + 𝜂
, 𝜂 ≥ 1.

By [9], we have

|𝐼𝛼,1(𝜂) | ≤
𝜈1

𝜂2 , |𝐼𝛼,2(𝜂) | ≤
𝜈2

𝜂2 , |𝐼𝛼,𝛼 (𝜂) | ≤
𝜈3

𝜂3 , for 𝜂 ≥ 1
| cos 𝜃 | . (2.12)
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Applying (2.11) and (2.12) in (2.7), we obtain, for 𝜂 ≥ 1
| cos 𝜃 | ≥ 1,

𝜌(𝜂) = 𝛾𝐸𝛼,1(−𝜂) + 𝐸𝛼,1(−𝜂)2 + 𝜂𝐸𝛼,2(−𝜂)𝐸𝛼,𝛼 (−𝜂)

= −𝜇1𝛾

𝜂
+ 𝛾𝐼𝛼,1(𝜂) +

(
𝜇1

𝜂
− 𝐼𝛼,1(𝜂)

)2

+
(
𝜇2

𝜂
+ 𝐼𝛼,2(𝜂)

) (
−𝜇3

𝜂
+ 𝜂𝐼𝛼,𝛼 (𝜂)

)
= −𝜇1𝛾

𝜂
+ 1
𝜂2 (𝜇

2
1 − 𝜇2𝜇3)

+
[
(𝛾 − 2

𝜇1

𝜂
)𝐼𝛼,1(𝜂) + 𝐼𝛼,1(𝜂)2 + 𝜇2𝐼𝛼,𝛼 (𝜂)

− 𝜇3𝐼𝛼,2(𝜂)
𝜂

+ 𝜂𝐼𝛼,2(𝜂)𝐼𝛼,𝛼 (𝜂)
]

≤ −𝜇1𝛾

𝜂
+ 1
𝜂2 |𝜇

2
1 − 𝜇2𝜇3 |

+
[
(𝛾 + 2

𝜇1

𝜂
) |𝐼𝛼,1(𝜂) | + 𝐼𝛼,1(𝜂)2 + 𝜇2 |𝐼𝛼,𝛼 (𝜂) |

+ 𝜇3 |𝐼𝛼,2(𝜂) |
𝜂

+ 𝜂 |𝐼𝛼,2(𝜂) | |𝐼𝛼,𝛼 (𝜂) |
]

≤ −𝜇1𝛾

𝜂
+ 1
𝛼2(𝛼 − 1)Γ(−𝛼)

1
𝜂2 + 𝛾𝜈1

𝜂2

+ (2𝜇1𝜈1 + 𝜇2𝜈3 + 𝜇3𝜈2)
1
𝜂3 + (𝜈2

1 + 𝜈2𝜈3)
1
𝜂4

≤ −𝜇1𝛾

𝜂
+

[ 1
𝛼2(𝛼 − 1)Γ(−𝛼)

+ 𝛾𝜈1 + 2𝜇1𝜈1

+ 𝜇2𝜈3 + 𝜇3𝜈2 + 𝜈2
1 + 𝜈2𝜈3

] 1
𝜂2 .

Hence,

𝜌(𝜂) = −𝜇1𝛾

𝜂

{
1 − 1

𝜇1𝛾

(
1

𝛼2(𝛼 − 1)Γ(−𝛼)
+ 𝛾𝜈1 + 2𝜇1𝜈1 + 𝜇2𝜈3 + 𝜇3𝜈2 + 𝜈2

1 + 𝜈2𝜈3

)
1
𝜂

}
for 𝜂 ≥ 1

| cos 𝜃 | . This completes the proof of Lemma 2.6. □

Remark 2.7. In the remaining cases for 𝛾, no upper bound for the largest zero 𝜂𝑁 is available.

3 Solvability of the FVP (1.1)–(1.2)

This section is devoted to the construction of the solution, the derivation of a priori estimates, and
the analysis of uniqueness and regularity properties.

3.1 Construction of the solution and a priori estimates
We introduce the set Λ as follows:

Λ = Λ(𝛼, 𝐴) :=
∞⋃
𝑛=1

{(
𝜂1

𝜆𝑛

) 1
𝛼

, . . . ,

(
𝜂𝑁
𝜆𝑛

) 1
𝛼

}
. (3.1)
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Observe that Λ is a countably infinite set. Since 𝜆𝑛 → ∞ as 𝑛 → ∞, the set Λ has 0 as an
accumulation point. Moreover, one readily verifies that

Λ ⊂
[
0,

(
𝜂𝑁
𝜆1

) 1
𝛼

]
.

Instead of proceeding formally from the abstract equation, we construct the solution as fol-
lows. First, for each 𝑛 ∈ N, we consider the scalar fractional differential equation for the unknown
coefficients 𝑢𝑛 (𝑡)

𝜕𝛼
𝑡 𝑢𝑛 (𝑡) + 𝜆𝑛𝑢𝑛 (𝑡) = 𝐹𝑛 (𝑡), 𝑡 ∈ (0, 𝑇),

subject to the nonlocal conditions derived from (1.2),

𝛾𝑢𝑛 (0) + 𝑢𝑛 (𝑇) = 𝜑𝑛, 𝑢′𝑛 (𝑇) = 𝜓𝑛, (3.2)

where

𝜑𝑛 = (𝜑, 𝑒𝑛), 𝜓𝑛 = (𝜓, 𝑒𝑛), 𝐹𝑛 (𝑡) = (𝐹 (𝑡), 𝑒𝑛).

Let 𝑇 ∉ Λ. By Subsection 2.2 and the final-value data (3.2), we obtain

𝑢𝑛 (𝑡) =
𝐸𝛼,1(−𝜆𝑛𝑡𝛼)
𝜌(𝜆𝑛𝑇 𝛼)

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝜑𝑛 − 𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝜓𝑛

− 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)
(
𝐹𝑛 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇)

+ 𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)
(
𝐹𝑛 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

)
(𝑇)

]
+ 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

𝜌(𝜆𝑛𝑇 𝛼)

[
(𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼))𝜓𝑛

+ 𝜆𝑛𝑇
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝜑𝑛

− (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼))
(
𝐹𝑛 ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

)
(𝑇)

− 𝜆𝑛𝑇
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)

(
𝐹𝑛 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇)

]
+

(
𝐹𝑛 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑡).

We then define the solution 𝑢(𝑡) of the original problem (1.1)–(1.2) by the formal series

𝑢(𝑡) =
∞∑
𝑛=1

𝑢𝑛 (𝑡)𝑒𝑛,
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that is,

𝑢(𝑡) =
∞∑
𝑛=1

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + 𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼) 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)
] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

+
∞∑
𝑛=1

[
− 𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)) 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

] 𝜓𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

−
∞∑
𝑛=1

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + 𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼) 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)
]

×

(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇)

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

+
∞∑
𝑛=1

[
𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) − (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)) 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

]
×

(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

)
(𝑇)

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

+
∞∑
𝑛=1

𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼) 𝑒𝑛. (3.3)

In the following, we rigorously prove that the above series converges in the space

𝐶 ([0, 𝑇]; 𝐷 (𝐴)) ∩ 𝐶1([0, 𝑇];𝐻),

thereby justifying the term-by-term application of the operator 𝐴 and the fractional derivative 𝜕𝛼
𝑡 .

For 𝑔 ∈ 𝐶 ([0, 𝑇];𝐻) and 𝜑, 𝜓 ∈ 𝐻, we define the operators P 𝑗 , 1 ≤ 𝑗 ≤ 5, by

(P1𝑔)(𝑡) :=
∞∑
𝑛=1

(
𝑔𝑛 ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑡) 𝑒𝑛,

P2(𝑡)𝜑 :=
∞∑
𝑛=1

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + 𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼) 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)
] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛,

P3(𝑡)𝜓 :=
∞∑
𝑛=1

[
− 𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)) 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

] 𝜓𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛,

(P4𝑔)(𝑡) := −P2(𝑡)
(
(P1𝑔) (𝑇)

)
,

(P5𝑔)(𝑡) := −P3(𝑡)
(
(P1𝑔) (𝑇)

)
.

Then the solution 𝑢 can be represented as

𝑢(𝑡) = (P1𝐹)(𝑡) + P2(𝑡)𝜑 + P3(𝑡)𝜓 + (P4𝐹)(𝑡) + (P5𝐹) (𝑡), (3.4)

for 𝑡 ∈ (0, 𝑇).
We define the operator-valued function 𝑌𝐴(𝑡) by

𝑌𝐴(𝑡)ℎ =
∞∑
𝑛=1

(ℎ, 𝑒𝑛) 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)𝑒𝑛,

for ℎ ∈ 𝐻.
The following result holds.



38 D. K. Durdiev and A. A. Rahmonov / Time-Fractional Diffusion-Wave Equation

Lemma3.1. Let 𝛾 ∈ (−∞,−1)∪(0,∞) and𝑇 ∉ Λ. If 𝜑, 𝜓 ∈ 𝐷 (𝐴1− 1
𝛼 ) and 𝐹 ∈ 𝐿∞(0, 𝑇 ; 𝐷 (𝐴1− 1

𝛼 )),
then there exists a constant 𝐶 > 0 such that

∥𝑢∥𝐶 ( [0,𝑇 ];𝐻 ) ≤ 𝐶
(
∥𝜑∥

𝐷 (𝐴1− 1
𝛼 ) + ∥𝜓∥

𝐷 (𝐴1− 1
𝛼 ) + ∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴1− 1
𝛼 ) )

)
,

where 𝐶 depends only on 𝛾, 𝛼, and 𝑇 .

Proof. By Lemma 2.1 and the definition of (P1𝐹)(𝑡), as well as the generalized Minkowski in-
equality, we obtain

∥(P1𝐹)(𝑡)∥ ≤
∫ 𝑡

0
∥𝑌𝐴(𝑡 − 𝑠)∥ ∥𝐹 (𝑠)∥ 𝑑𝑠

≤ 𝑐

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1∥𝐹 (𝑠)∥ 𝑑𝑠

≤ 𝑐
𝑡𝛼

𝛼
∥𝐹∥𝐿∞ (0,𝑇;𝐻 ) .

Moreover, by Lemma 2.1 and (2.10), the norm ∥P2(𝑡)𝜑∥ can be estimated as follows:

∥P2(𝑡)𝜑∥2 ≤ 2𝑐4𝑐−2
1

∞∑
𝑛=1

���� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

1
1 + 𝜆𝑛𝑡𝛼

𝜑𝑛

����2
+ 2𝑐4𝑐−2

1

∞∑
𝑛=1

����� 𝜆𝑛𝑇2𝛼−1

1 + 𝜆𝑛𝑇 𝛼

(𝜆𝑛𝑡𝛼)
1
𝛼

1 + 𝜆𝑛𝑡𝛼
𝜆

1− 1
𝛼

𝑛 𝜑𝑛

�����2 ,
(3.5)

for all 𝑡 ∈ [0, 𝑇].
Applying

sup
0<𝑦<∞

𝑦𝜃

1 + 𝑦
= 𝜃 𝜃 (1 − 𝜃)1−𝜃 , for 0 < 𝜃 < 1, (3.6)

to (3.5), we obtain
∥P2(𝑡)𝜑∥ ≤ 𝑐2∥𝜑∥

𝐷 (𝐴1− 1
𝛼 ) , 𝑡 ∈ [0, 𝑇], (3.7)

where we used the embedding 𝐷 (𝐴1− 1
𝛼 ) ⊂ 𝐻 for 1 < 𝛼 < 2. Similarly, we obtain

∥P3(𝑡)𝜓∥ ≤ 𝑐3∥𝜓∥
𝐷 (𝐴1− 1

𝛼 ) , 𝑡 ∈ [0, 𝑇] .

Next, we estimate ∥(P4𝐹) (𝑡)∥ using the same technique as in (3.5). From

(P4𝐹)(𝑡) = −P2(𝑡)(P1𝐹)(𝑇),

we obtain

∥(P4𝐹)(𝑡)∥2 ≤ 2𝑐6𝑐2
1

∞∑
𝑛=1

���� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

1
1 + 𝜆𝑛𝑡𝛼

∫ 𝑇

0
𝐹𝑛 (𝑠)

(𝑇 − 𝑠)𝛼−1

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠

����2
+ 2𝑐6𝑐2

1𝑇
2(𝛼−1)

∞∑
𝑛=1

����� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

(𝜆𝑛𝑡𝛼)
1
𝛼

1 + 𝜆𝑛𝑡𝛼

∫ 𝑇

0
𝐹𝑛 (𝑠)

(𝜆𝑛 (𝑇 − 𝑠)𝛼) 𝛼−1
𝛼

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠

�����2
≤ 2𝑐6𝑐2

1

(∫ 𝑇

0

( ∞∑
𝑛=1

|𝐹𝑛 (𝑠) |2
) 1

2 (𝑇 − 𝑠)𝛼−1 𝑑𝑠

)2

+
2𝑐6𝑐2

1
𝛼4 (𝛼 − 1) 4𝛼−4

𝛼 𝑇2(𝛼−1)
(∫ 𝑇

0

( ∞∑
𝑛=1

|𝐹𝑛 (𝑠) |2
) 1

2
𝑑𝑠

)2

≤ 𝑐2
4∥𝐹∥2

𝐿∞ (0,𝑇;𝐻 ) .
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A similar computation shows that

∥(P5𝐹)(𝑡)∥2 ≤ 2𝑐6𝑐2
1

∞∑
𝑛=1

���� 𝜆𝑛𝑇 𝛼+1

1 + 𝜆𝑛𝑇 𝛼

1
1 + 𝜆𝑛𝑡𝛼

∫ 𝑇

0
𝐹𝑛 (𝑠) (𝑇 − 𝑠)𝛼−2𝑑𝑠

����2
+ 2𝑐6𝑐2

1𝑇
2𝛼

∞∑
𝑛=1

�����(𝛾 + 1
1 + 𝜆𝑛𝑇 𝛼

)
(𝜆𝑛𝑡𝛼)

1
𝛼

1 + 𝜆𝑛𝑡𝛼

∫ 𝑇

0
𝜆

1− 1
𝛼

𝑛 𝐹𝑛 (𝑠)(𝑇 − 𝑠)𝛼−2𝑑𝑠

�����2 ,
and hence

∥(P5𝐹)(𝑡)∥2 ≤ 𝑐2
5∥𝐹∥

2
𝐿∞ (0,𝑇;𝐷 (𝐴1− 1

𝛼 ) )
.

This completes the proof of Lemma 3.1. □

3.2 Main result
Based on Lemma 3.1, we establish the existence, uniqueness, and regularity of solutions in the
following theorem.

Theorem 3.2. Let 𝛾 ∈ (−∞,−1) ∪ (0,∞) and 𝑇 ∉ Λ.

(1) Let 𝜑, 𝜓 ∈ 𝐷 (𝐴2− 1
𝛼 ) and 𝐹 ∈ 𝐿∞(0, 𝑇 ; 𝐷 (𝐴2− 1

𝛼 )). Then the FVP (1.1)–(1.2) admits a unique
mild solution

𝑢 ∈ 𝐶 ([0, 𝑇]; 𝐷 (𝐴)) ∩ 𝐶1( [0, 𝑇];𝐻)

such that 𝜕𝛼
𝑡 𝑢 ∈ 𝐶 ((0, 𝑇];𝐻). Moreover, there exist constants 𝐶0, 𝐶1 > 0 such that

∥𝑢∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) )+∥𝑢′∥𝐶 ( [0,𝑇 ];𝐻 ) ≤ 𝐶0

(
∥𝜑∥

𝐷 (𝐴2− 1
𝛼 )+∥𝜓∥

𝐷 (𝐴2− 1
𝛼 )+∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴2− 1
𝛼 ) )

)
(3.8)

and, for all 𝑡 > 0,

∥𝜕𝛼
𝑡 𝑢(𝑡)∥ ≤ 𝐶1

[ (
𝑡−𝛼 + 𝑡1−𝛼) (∥𝜑∥𝐷 (𝐴) + ∥𝜓∥𝐷 (𝐴) ) +

(
1 + 𝑡𝛼 + 𝑡1−𝛼) ∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) )

]
.

(2) Let 𝜑 ∈ 𝐷 (𝐴), 𝜓 ∈ 𝐷 (𝐴2− 1
𝛼 ), and 𝐹 ∈ 𝐴𝐶 ([0, 𝑇]; 𝐷 (𝐴2− 1

𝛼 )). Then the FVP (1.1)–(1.2)
admits a unique mild solution

𝑢 ∈ 𝐴𝐶2([0, 𝑇];𝐻) ∩ 𝐶 ([0, 𝑇]; 𝐷 (𝐴))

such that 𝜕𝛼
𝑡 𝑢 ∈ 𝐿∞(0, 𝑇 ;𝐻), and

∥𝜕𝛼
𝑡 𝑢∥𝐿∞ (0,𝑇;𝐻 ) ≤ 𝐶2

(
∥𝜑∥𝐷 (𝐴) + ∥𝜓∥

𝐷 (𝐴2− 1
𝛼 ) + ∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴2− 1
𝛼 ) )

)
, (3.9)

where 𝐶2 > 0 depends only on 𝛼, 𝛾, and 𝑇 .

(3) Let 𝜑, 𝜓 ∈ 𝐷 (𝐴) and 𝐹 ∈ 𝐶0,𝛼−1([0, 𝑇]; 𝐷 (𝐴)). Then, for the mild solution 𝑢 given by (3.4),
we have, for every 𝛿 > 0,

∥𝐴𝑢∥𝐶0,𝛼−1 ( [0,𝑇 ];𝐻 ) + ∥𝜕𝛼
𝑡 𝑢∥𝐶0,𝛼−1 ( [0,𝑇 ];𝐻 )

≤ 𝐶3

[
∥𝐹∥𝐶0,𝛼−1 ( [0,𝑇 ];𝐷 (𝐴) ) +

( 1
𝛿𝛼−1 + 1

𝛿2𝛼−2

)
(∥𝜑∥𝐷 (𝐴) + ∥𝜓∥𝐷 (𝐴) + ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) )

]
,

where 𝐶3 > 0 is independent of 𝜑, 𝜓, and 𝐹.
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Proof. We divide the proof of Theorem 3.2 into several steps.
In the first step, we assume that problem (1.1), (1.2) has a solution and show that this solution

is unique. The uniqueness of 𝑢 depends on the uniqueness of the problem (2.1)–(2.2). Indeed,
suppose that we have two solutions 𝑢1(𝑡) and 𝑢2(𝑡), and set 𝑣(𝑡) = 𝑢1(𝑡) − 𝑢2(𝑡). Then we have{

𝜕𝛼
𝑡 𝑣(𝑡) + 𝐴𝑣(𝑡) = 0, 0 < 𝑡 < 𝑇,

𝛾𝑣(0) + 𝑣(𝑇) = 0, 𝑣′(𝑇) = 0.
(3.10)

Set 𝑣𝑛 (𝑡) = (𝑣(𝑡), 𝑒𝑛). It follows from (3.10) that, for any 𝑛 ∈ N,

𝜕𝛼
𝑡 𝑣𝑛 (𝑡) = (𝜕𝛼

𝑡 𝑣(𝑡), 𝑒𝑛) = −(𝐴𝑣(𝑡), 𝑒𝑛) = −(𝑣(𝑡), 𝐴𝑒𝑛) = −𝜆𝑛𝑣𝑛 (𝑡),

and the final-time conditions imply

𝛾𝑣𝑛 (0) + 𝑣𝑛 (𝑇) = 0, 𝑣′𝑛 (𝑇) = 0.

Therefore, we obtain the following FVP for 𝑣𝑛 (𝑡):{
𝜕𝛼
𝑡 𝑣𝑛 (𝑡) + 𝜆𝑛𝑣𝑛 (𝑡) = 0, 0 < 𝑡 < 𝑇,

𝛾𝑣𝑛 (0) + 𝑣𝑛 (𝑇) = 0, 𝑣′𝑛 (𝑇) = 0.
(3.11)

By our assumption, 𝑇 ∉ Λ. Then, by (2.8), problem (3.11) has only the trivial solution. Therefore,
by Parseval’s identity, we obtain 𝑣(𝑡) ≡ 0 on [0, 𝑇]. Hence, uniqueness is proved.

Furthermore, if

𝜑 ∈ 𝐷 (𝐴2− 1
𝛼 ), 𝜓 ∈ 𝐷 (𝐴2− 1

𝛼 ), 𝐹 ∈ 𝐿∞(0, 𝑇 ; 𝐷 (𝐴2− 1
𝛼 )),

then 𝑢 ∈ 𝐶 ([0, 𝑇]; 𝐷 (𝐴)), and the following limits hold:

lim
𝑡→0

∥𝛾𝑢(𝑡) + 𝑢(𝑇 − 𝑡) − 𝜑∥𝐷 (𝐴) = 0, lim
𝑡→0

∥𝑢′(𝑇 − 𝑡) − 𝜓∥ = 0. (3.12)

Indeed, by Lemma 2.1, we have

∥(P1𝐹)(𝑡)∥𝐷 (𝐴) = ∥𝐴(P1𝐹)(𝑡)∥
g.M.ineq.

≤
∫ 𝑡

0
∥𝑌𝐴(𝑡 − 𝑠)𝐴𝐹 (𝑠)∥𝑑𝑠

≤ 𝑐

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1∥𝐹 (𝑠)∥𝐷 (𝐴)𝑑𝑠

≤ 𝑐
𝑡𝛼

𝛼
∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) ) . (3.13)

Similarly, from
∥P2(𝑡)𝜑∥𝐷 (𝐴) = ∥𝐴P2(𝑡)𝜑∥,

and arguing as in the proof of (3.7), we obtain

∥P2(𝑡)𝜑∥2
𝐷 (𝐴) ≤ 2𝑐4𝑐−2

1

∞∑
𝑛=1

���� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

𝜆𝑛
1 + 𝜆𝑛𝑡𝛼

𝜑𝑛

����2
+ 2𝑐4𝑐−2

1

∞∑
𝑛=1

���� 𝜆𝑛𝑇2𝛼−1

1 + 𝜆𝑛𝑇 𝛼

𝜆𝑛𝑡

1 + 𝜆𝑛𝑡𝛼
𝜆𝑛𝜑𝑛

����2
≤ 2𝑐4𝑐−2

1

∞∑
𝑛=1

|𝜆𝑛𝜑𝑛 |2 + 2𝑐4𝑐−2
1 𝑇2(𝛼−1)

∞∑
𝑛=1

����� (𝜆𝑛𝑡𝛼) 1
𝛼

1 + 𝜆𝑛𝑡𝛼
𝜆

2− 1
𝛼

𝑛 𝜑𝑛

�����2
≤ 𝑐2

6∥𝜑∥
2
𝐷 (𝐴2− 1

𝛼 )
, 𝑡 ≥ 0. (3.14)
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For ∥P3(𝑡)𝜓∥𝐷 (𝐴) , we have

∥P3(𝑡)𝜓∥2
𝐷 (𝐴) ≤ 2𝑐4𝑐−2

1

∞∑
𝑛=1

���� 𝜆𝑛𝑇 𝛼+1

1 + 𝜆𝑛𝑇 𝛼

𝜆𝑛
1 + 𝜆𝑛𝑡𝛼

𝜓𝑛

����2
+ 2𝑐4𝑐−2

1 𝑇2𝛼
∞∑
𝑛=1

�����(𝛾 + 1
1 + 𝜆𝑛𝑇 𝛼

)
(𝜆𝑛𝑡𝛼)

1
𝛼

1 + 𝜆𝑛𝑡𝛼
𝜆

2− 1
𝛼

𝑛 𝜓𝑛

�����2
≤ 𝑐2

7∥𝜓∥2
𝐷 (𝐴2− 1

𝛼 )
, 𝑡 ≥ 0. (3.15)

Next, we estimate ∥(P4𝐹)(𝑡)∥𝐷 (𝐴) using the same arguments as in (3.14). By Lemma 2.1 and
(3.6), we obtain

∥(P4𝐹)(𝑡)∥2
𝐷 (𝐴) ≤ 2𝑐6𝑐−2

1

∞∑
𝑛=1

����� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

1
1 + 𝜆𝑛𝑡𝛼

∫ 𝑇

0
𝜆

1
𝛼
𝑛 𝐹𝑛 (𝑠)

(𝜆𝑛 (𝑇 − 𝑠)𝛼) 𝛼−1
𝛼

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠

�����2
+ 2𝑐6𝑐−2

1 𝑇2(𝛼−1)
∞∑
𝑛=1

����� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

(𝜆𝑛𝑡𝛼)
1
𝛼

1 + 𝜆𝑛𝑡𝛼

∫ 𝑇

0
𝜆𝑛𝐹𝑛 (𝑠)

(𝜆𝑛 (𝑇 − 𝑠)𝛼) 𝛼−1
𝛼

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠

�����2
g.M.ineq.

≤ 2𝑐6𝑐−2
1

������
∫ 𝑇

0

( ∞∑
𝑛=1

(𝜆
1
𝛼
𝑛 𝐹𝑛 (𝑠))2

) 1
2

𝑑𝑠

������
2

+
2𝑐6𝑐−2

1
𝛼4 (𝛼 − 1) 4𝛼−4

𝛼 𝑇2(𝛼−1)

������
∫ 𝑇

0

( ∞∑
𝑛=1

(𝜆𝑛𝐹𝑛 (𝑠))2

) 1
2

𝑑𝑠

������
2

≤ 𝑐2
7∥𝐹∥2

𝐿∞ (0,𝑇;𝐷 (𝐴1/𝛼 ) ) + 𝑐2
8∥𝐹∥2

𝐿∞ (0,𝑇;𝐷 (𝐴) ) , 𝑡 ≥ 0. (3.16)

Similarly, one can show that

∥(P5𝐹)(𝑡)∥𝐷 (𝐴) ≤ 𝑐9

[
∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) ) + ∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴2− 1
𝛼 ) )

]
, 𝑡 ≥ 0. (3.17)

Combining (3.13)–(3.17), we obtain

∥𝑢(𝑡)∥𝐷 (𝐴) ≤ 𝑐10

(
∥𝜑∥

𝐷 (𝐴2− 1
𝛼 ) + ∥𝜓∥

𝐷 (𝐴2− 1
𝛼 ) + ∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴2− 1
𝛼 ) )

)
, 𝑡 ≥ 0. (3.18)

Now, in order to prove the first limit in (3.12), we rewrite the expression 𝛾𝑢(𝑡) +𝑢(𝑇 − 𝑡) − 𝜑 as

𝛾𝑢(𝑡) + 𝑢(𝑇 − 𝑡) − 𝜑 = 𝛾
[
(P1𝐹) (𝑡) + P2(𝑡)𝜑 + P3(𝑡)𝜓 + (P4𝐹) (𝑡) + (P5𝐹)(𝑡)

]
+ (P1𝐹)(𝑇 − 𝑡) + P2(𝑇 − 𝑡)𝜑 + P3(𝑇 − 𝑡)𝜓

+ (P4𝐹)(𝑇 − 𝑡) + (P5𝐹) (𝑇 − 𝑡) −
∞∑
𝑛=1

𝜑𝑛𝑒𝑛. (3.19)

Using (3.3) and (3.18), we obtain

∥𝛾𝑢(𝑡) + 𝑢(𝑇 − 𝑡) − 𝜑∥𝐷 (𝐴)

≤ 𝑐10(|𝛾 | + 1)
(
∥𝜑∥

𝐷 (𝐴2− 1
𝛼 ) + ∥𝜓∥

𝐷 (𝐴2− 1
𝛼 ) + ∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴2− 1
𝛼 ) )

)
+ ∥𝜑∥𝐷 (𝐴)

for all 𝑡 ≥ 0.
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Thus, the functional series in (3.19) is uniformly bounded in 𝐷 (𝐴) for all 𝑡 ≥ 0. Hence, we
may pass to the limit termwise as 𝑡 → 0, which yields the first limit in (3.12).

Now, we show that 𝑢 ∈ 𝐶1( [0, 𝑇];𝐻). Indeed, by Lemma 2.3, we have

𝜕𝑡 (P1𝐹)(𝑡) =
∞∑
𝑛=1

𝐹𝑛 (𝑡) ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)𝑒𝑛,

and a combination of the generalized Minkowski inequality and Parseval’s identity yields

∥𝜕𝑡 (P1𝐹)(𝑡)∥ ≤
∫ 𝑡

0






 ∞∑
𝑛=1

(𝑡 − 𝑠)𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛 (𝑡 − 𝑠)𝛼)𝐹𝑛 (𝑠)𝑒𝑛






 𝑑𝑠
≤

∫ 𝑡

0

[ ∞∑
𝑛=1

(
𝐹𝑛 (𝑠)

(𝑡 − 𝑠)𝛼−2

1 + 𝜆𝑛 (𝑡 − 𝑠)𝛼

)2]1/2

𝑑𝑠

≤ 𝑡𝛼−1

𝛼 − 1
∥𝐹∥𝐿∞ (0,𝑇;𝐻 ) . (3.20)

Applying Lemma 2.3 once more, we obtain

𝜕𝑡 (P2(𝑡)𝜑) =
∞∑
𝑛=1

[
− 𝜆𝑛𝑡

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

+ 𝜆𝑛𝑇
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼)

] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛.

Then, by virtue of (2.10) and (3.6), we obtain

∥𝜕𝑡 (P2(𝑡)𝜑)∥2 =
∞∑
𝑛=1

���� [ − 𝜆𝑛𝑡
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

+ 𝜆𝑛𝑇
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼)

] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼)

����2
≤ 2𝑐4𝑐−2

1

∞∑
𝑛=1

𝜆2
𝑛𝑇

2𝛼

(1 + 𝜆𝑛𝑇 𝛼)2

(
(𝜆𝑛𝑡𝛼)

𝛼−1
𝛼

1 + 𝜆𝑛𝑡𝛼

)2

𝜆
2
𝛼
𝑛 𝜑2

𝑛

+ 2𝑐4𝑐−2
1

∞∑
𝑛=1

𝜆2
𝑛

(1 + 𝜆𝑛𝑡𝛼)2

(
𝜆2
𝑛𝑇

2𝛼−1

1 + 𝜆𝑛𝑇 𝛼

)2

𝜑2
𝑛.

By (2.12) and the embedding 𝐷 (𝐴) ⊂ 𝐷 (𝐴 1
𝛼 ) for 1 < 𝛼 < 2, we obtain

∥𝜕𝑡 (P2(𝑡)𝜑)∥ ≤ 𝑐11∥𝜑∥𝐷 (𝐴) . (3.21)

Similarly, we have
∥𝜕𝑡 (P3(𝑡)𝜓)∥ ≤ 𝑐12∥𝜓∥𝐷 (𝐴) . (3.22)

Furthermore, by defining P4𝐹 (𝑡) and using Lemma 2.3, we have

𝜕𝑡 (P4𝐹) (𝑡) = −𝜕𝑡
(
P2(𝑡) (P1𝐹) (𝑇)

)
=

∞∑
𝑛=1

𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼)

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼) 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼) − 𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼)

]
×

(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇) 𝑒𝑛

:= I11𝐹 (𝑡) + I12𝐹 (𝑡).
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Then, similarly to (3.15), we get

∥I11𝐹 (𝑡)∥2

=
∞∑
𝑛=1

���� 𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼) 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

∫ 𝑇

0
𝐹𝑛 (𝑠) (𝑇 − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑇 − 𝑠)𝛼) 𝑑𝑠

����2
≤ 𝑐6𝑐−2

1

∞∑
𝑛=1

𝜆2
𝑛𝑇

2𝛼

(1 + 𝜆𝑛𝑇 𝛼)2

(
(𝜆𝑛𝑡𝛼)

𝛼−1
𝛼

1 + 𝜆𝑛𝑡𝛼

)2 �����∫ 𝑇

0
𝐹𝑛 (𝑠)

(𝜆𝑛 (𝑇 − 𝑠)𝛼) 1
𝛼

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 (𝑇 − 𝑠)𝛼−2 𝑑𝑠

�����2
≤ 𝑐6𝑐−2

1 (𝛼 − 1) 4𝛼−4
𝛼

(
1
𝛼

)4
������
∫ 𝑇

0

( ∞∑
𝑛=1

(
𝐹 (𝑠, ·), 𝑒𝑛

)2
)1/2

(𝑇 − 𝑠)𝛼−2 𝑑𝑠

������
2

≤ 𝑐2
13∥𝐹∥2

𝐿∞ (0,𝑇;𝐻 ) . (3.23)

Similarly, we have
∥I12𝐹 (𝑡, ·)∥ ≤ 𝑐14∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴 1
𝛼 ) ) . (3.24)

Once more, using Lemma 2.3, we get

𝜕𝑡 (P5𝐹) (𝑡) = −𝜕𝑡 (P3(𝑡)𝐹 (𝑇))

=
∞∑
𝑛=1

𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼)

[
𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼) 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼) + (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼))𝐸𝛼,1(−𝜆𝑛𝑡𝛼)

]
×

(
𝐹𝑛 (𝑟) ★ 𝑟𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑟𝛼)

)��
𝑟=𝑇 𝑒𝑛

:= I13𝐹 (𝑡) + I14𝐹 (𝑡).

Then, similarly to (3.17), we obtain

∥I13𝐹 (𝑡)∥2 =
∞∑
𝑛=1

���� 𝜆𝑛𝑇

𝜌(𝜆𝑛𝑇 𝛼) 𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

×
∫ 𝑇

0
𝐹𝑛 (𝑠)(𝑇 − 𝑠)𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛 (𝑇 − 𝑠)𝛼)𝑑𝑠

����2
≤ 𝑐6𝑐−2

1

∞∑
𝑛=1

𝜆4
𝑛𝑇

2𝛼+2

(1 + 𝜆𝑛𝑇 𝛼)2
𝑡2(𝛼−1)

(1 + 𝜆𝑛𝑡𝛼)2

����∫ 𝑇

0
𝐹𝑛 (𝑠)

(𝑇 − 𝑠)𝛼−2

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠
����2

≤ 𝑐6
0𝑐

2
1𝑇

2(𝛼 − 1) 2𝛼−2
𝛼

(
1
𝛼

)2
������
∫ 𝑇

0

( ∞∑
𝑛=1

(𝜆
1
𝛼
𝑛 𝐹𝑛 (𝑠))2

)1/2

(𝑇 − 𝑠)𝛼−2𝑑𝑠

������
2

≤ 𝑐2
15∥𝐹∥

2
𝐿∞ (0,𝑇;𝐷 (𝐴 1

𝛼 ) )
. (3.25)

Arguing as in (3.25), we obtain for I14𝐹 (𝑡) that

∥I14𝐹 (𝑡)∥ ≤ 𝑐16∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) ) . (3.26)

It follows from (3.13)–(3.17) and (3.20)–(3.26) that 𝑢 ∈ 𝐶1( [0, 𝑇];𝐻). Moreover, the second
limit in (3.12) follows analogously. Consequently, inequality (3.8) is a direct consequence of (3.18)
and (3.20)–(3.26).
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Furthermore, assuming that 𝜑, 𝜓 ∈ 𝐷 (𝐴) and 𝐹 ∈ 𝐿∞(0, 𝑇 ; 𝐷 (𝐴)), we obtain, for all 𝑡 > 0,

∥𝐴𝑢(𝑡)∥ ≤ 𝑐′10

(
𝑡−𝛼 + 𝑡1−𝛼

) (
∥𝜑∥𝐷 (𝐴) + ∥𝜓∥𝐷 (𝐴)

)
+ 𝑐′11

(
1 + 𝑡𝛼 + 𝑡1−𝛼

)
∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) ) .

(3.27)
In addition, using (1.1) together with (3.27), we obtain, for all 𝑡 > 0,

∥𝜕𝛼
𝑡 𝑢(𝑡)∥ ≤ 𝑐17

(
𝑡−𝛼 + 𝑡1−𝛼

) (
∥𝜑∥𝐷 (𝐴) + ∥𝜓∥𝐷 (𝐴)

)
+ 𝑐18

(
1 + 𝑡𝛼 + 𝑡1−𝛼

)
∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) ) .

In the following, we improve the regularity of the solution 𝑢 so that 𝜕𝛼
𝑡 𝑢 is well defined in the

sense of the Caputo fractional derivative.
By Lemma 2.2, we have (P1𝐹) (𝑡) ∈ 𝐴𝐶 ( [0, 𝑇];𝐻) and

𝜕𝛼
𝑡 (P1𝐹)(𝑡) =

∞∑
𝑛=1

(
𝐹𝑛 (𝑡) − 𝜆𝑛

∫ 𝑡

0
𝐹𝑛 (𝑠)(𝑡 − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑡 − 𝑠)𝛼) 𝑑𝑠

)
𝑒𝑛

= 𝐹 (𝑡) − 𝐴(P1𝐹) (𝑡).
(3.28)

It follows from (3.28) and (3.13) that 𝜕𝛼
𝑡 (P1𝐹) ∈ 𝐶 ( [0, 𝑇];𝐻).

Next, by Lemma 2.3, the second derivative of P2(𝑡)𝜑 is given by

𝜕𝑡𝑡 (P2(𝑡)𝜑) =
∞∑
𝑛=1

[
− 𝜆𝑛𝑡

𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

− 𝜆2
𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)
] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛.

Using (2.10), (2.12), and Parseval’s identity, we obtain

∥𝜕𝑡𝑡 (P2(𝑡)𝜑)∥2 ≤ 2𝑐4𝑐−2
1

∞∑
𝑛=1

���� 𝑡𝛼−2

1 + 𝜆𝑛𝑡𝛼
1

1 + 𝜆𝑛𝑇 𝛼
𝜆2
𝑛𝜑𝑛

����2
+ 2𝑐4𝑐−2

1

∞∑
𝑛=1

���� 𝑡𝛼−1

1 + 𝜆𝑛𝑡𝛼
𝜆𝑛𝑇

𝛼−1

1 + 𝜆𝑛𝑇 𝛼
𝜆2
𝑛𝜑𝑛

����2
≤ 𝑐2

19𝑡
2(𝛼−2) ∥𝜑∥2

𝐷 (𝐴) + 𝑐2
20𝑡

2(𝛼−2) ∥𝜑∥2
𝐷 (𝐴) . (3.29)

Since 1 < 𝛼 < 2, it follows that

𝜕𝑡𝑡 (P2(𝑡)𝜑) ∈ 𝐿1(0, 𝑇 ;𝐻), P2(𝑡)𝜑 ∈ 𝐴𝐶2([0, 𝑇];𝐻).

From Lemma 2.3, we know that the second derivative of P3(𝑡)𝜓 satisfies

𝜕𝑡𝑡
(
P3(𝑡)𝜓

)
=

∞∑
𝑛=1

𝜆𝑛

[
𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼) 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

−
(
𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

)
𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

] 𝜓𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛.

Then, by Lemma 2.1 and (3.6), we obtain

∥𝜕𝑡𝑡 (P3(𝑡)𝜓)∥ ≤ 𝑐21𝑡
𝛼−2∥𝜓∥𝐷 (𝐴) + 𝑐19𝑡

𝛼−2∥𝜓∥
𝐷 (𝐴2− 1

𝛼 ) . (3.30)

Since 1 < 𝛼 < 2, it follows that

𝜕𝑡𝑡 (P3(𝑡)𝜓) ∈ 𝐿1(0, 𝑇 ;𝐻), P3(𝑡)𝜓 ∈ 𝐴𝐶2( [0, 𝑇];𝐻).
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Furthermore, for the second derivative of (P4𝐹)(𝑡), we obtain

𝜕𝑡𝑡 (P4𝐹) (𝑡) =
∞∑
𝑛=1

𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼)

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

+ 𝜆𝑛𝑇
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

]
×

(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇)𝑒𝑛

:= I15𝐹 (𝑡) + I16𝐹 (𝑡).

Then, similarly to (3.15), we obtain

∥I15𝐹 (𝑡)∥2 =
∞∑
𝑛=1

���� 𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼) 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

×
∫ 𝑇

0
𝐹𝑛 (𝑠) (𝑇 − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑇 − 𝑠)𝛼) 𝑑𝑠

����2
≤ 𝑐6𝑐−2

1

∞∑
𝑛=1

𝜆2
𝑛𝑇

2𝛼

(1 + 𝜆𝑛𝑇 𝛼)2

(
𝑡𝛼−2

1 + 𝜆𝑛𝑡𝛼

)2 ����∫ 𝑇

0
𝜆𝑛𝐹𝑛 (𝑠)

(𝑇 − 𝑠)𝛼−1

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠

����2
≤ 𝑐6𝑐−2

1 𝑡2(𝛼−2)

������
∫ 𝑇

0

( ∞∑
𝑛=1

(𝐴𝐹 (𝑠), 𝑒𝑛)2

)1/2

(𝑇 − 𝑠)𝛼−1 𝑑𝑠

������
2

≤ 𝑐2
22 𝑡

2(𝛼−2) ∥𝐹∥2
𝐿∞ (0,𝑇;𝐷 (𝐴) ) . (3.31)

Similarly, we obtain

∥I16𝐹 (𝑡)∥ ≤ 𝑐23 𝑡
𝛼−2 ∥𝐹∥𝐿∞ (0,𝑇;𝐷 (𝐴) ) . (3.32)

Since 1 < 𝛼 < 2, it follows that

𝜕𝑡𝑡
(
P4𝐹 (𝑡)

)
∈ 𝐿1(0, 𝑇 ;𝐻), P4𝐹 (𝑡) ∈ 𝐴𝐶2([0, 𝑇];𝐻).

Further, by Lemma 2.3, we obtain

𝜕𝑡𝑡 (P5𝐹)(𝑡) = −
∞∑
𝑛=1

𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼)

[
𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

−
(
𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

)
𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

]
×

(
𝐹𝑛 (𝑟) ★ 𝑟𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑟𝛼)

)
(𝑇)𝑒𝑛

:= I17𝐹 (𝑡) + I18𝐹 (𝑡).
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Then

∥I17𝐹 (𝑡)∥2 =
∞∑
𝑛=1

���� 𝜆𝑛
𝜌(𝜆𝑛𝑇 𝛼)𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

×
∫ 𝑇

0
𝐹𝑛 (𝑠) (𝑇 − 𝑠)𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛 (𝑇 − 𝑠)𝛼) 𝑑𝑠

����2
≤ 𝑐6𝑐−2

1

∞∑
𝑛=1

𝜆2
𝑛𝑇

2𝛼+2

(1 + 𝜆𝑛𝑇 𝛼)2

(
𝑡𝛼−2

1 + 𝜆𝑛𝑡𝛼

)2 ����∫ 𝑇

0
𝜆𝑛𝐹𝑛 (𝑠)

(𝑇 − 𝑠)𝛼−2

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 𝑑𝑠

����2
≤ 𝑐6𝑐−2

1 𝑡2(𝛼−2)

������
∫ 𝑇

0

( ∞∑
𝑛=1

(𝐴𝐹 (𝑠), 𝑒𝑛)2

)1/2

(𝑇 − 𝑠)𝛼−2 𝑑𝑠

������
2

≤ 𝑐2
24 𝑡

2(𝛼−2) ∥𝐹∥2
𝐿∞ (0,𝑇;𝐷 (𝐴) ) . (3.33)

Similarly to (3.33), we obtain

∥I18𝐹 (𝑡)∥ ≤ 𝑐24 𝑡
𝛼−2 ∥𝐹∥

𝐿∞ (0,𝑇;𝐷 (𝐴2− 1
𝛼 ) ) . (3.34)

Since 1 < 𝛼 < 2, it follows that

𝜕𝑡𝑡
(
P5𝐹 (𝑡)

)
∈ 𝐿1(0, 𝑇 ;𝐻), P5𝐹 (𝑡) ∈ 𝐴𝐶2([0, 𝑇];𝐻).

Combining (3.28)–(3.34) together with (1.1), we obtain

𝜕𝛼
𝑡 𝑢(𝑡) = −𝐴𝑢(𝑡) + 𝐹 (𝑡) ∈ 𝐿∞(0, 𝑇 ;𝐻).

Therefore, 𝑢 ∈ 𝐴𝐶2( [0, 𝑇];𝐻), and estimate (3.9) follows directly.
We now prove that 𝑢 ∈ 𝐶0,𝛼−1([0, 𝑇];𝐻). Let 0 ≤ 𝑡 < 𝑡 + ℎ ≤ 𝑇 . Then

𝑢(𝑡 + ℎ) − 𝑢(𝑡) =
[
(P1𝐹)(𝑡 + ℎ) − (P1𝐹)(𝑡)

]
+

[
P2(𝑡 + ℎ)𝜑 − P2(𝑡)𝜑

]
+

[
P3(𝑡 + ℎ)𝜓 − P3(𝑡)𝜓

]
+

[
(P4𝐹)(𝑡 + ℎ) − (P4𝐹) (𝑡)

]
+

[
(P5𝐹)(𝑡 + ℎ) − (P5𝐹)(𝑡)

]
=: I1 + I2 + I3 + I4 + I5.

Using the differentiation identities

𝜕𝑡𝐸𝛼,1(−𝜆𝑛𝑡𝛼) = −𝜆𝑛𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼), 𝜕𝑡
(
𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
= 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼),

we obtain

I1 =
∞∑
𝑛=1

[ ∫ 𝑡+ℎ

𝑡
𝐹𝑛 (𝑠) (𝑡 + ℎ − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑡 + ℎ − 𝑠)𝛼) 𝑑𝑠

]
𝑒𝑛

+
∞∑
𝑛=1

[ ∫ 𝑡

0
𝐹𝑛 (𝑠)

(
(𝑡 + ℎ − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑡 + ℎ − 𝑠)𝛼)

− (𝑡 − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑡 − 𝑠)𝛼)
)
𝑑𝑠

]
𝑒𝑛

=
∞∑
𝑛=1

[ ∫ 𝑡+ℎ

𝑡
𝐹𝑛 (𝑠) (𝑡 + ℎ − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑡 + ℎ − 𝑠)𝛼) 𝑑𝑠

]
𝑒𝑛

+
∞∑
𝑛=1

[ ∫ 𝑡

0

∫ 𝑡+ℎ−𝑠

𝑡−𝑠
𝐹𝑛 (𝑠)𝜏𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝜏𝛼) 𝑑𝜏 𝑑𝑠

]
𝑒𝑛

:= I11 + I12. (3.35)
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We now establish estimates for I 𝑗 , 𝑗 = 1, 2, and show that I 𝑗 → 0 as ℎ → 0.
By Lemma 2.1 and (3.6), we obtain

∥I11(𝑡)∥2
𝐷 (𝐴) ≤ 𝑐2

∞∑
𝑛=1

�����∫ 𝑡+ℎ

𝑡
𝜆

1− 1
𝛼

𝑛 𝐹𝑛 (𝑠)
(𝜆𝑛 (𝑡 + ℎ − 𝑠)𝛼) 1

𝛼

1 + 𝜆𝑛 (𝑡 + ℎ − 𝑠)𝛼 (𝑡 + ℎ − 𝑠)𝛼−2 𝑑𝑠

�����2
≤ 𝑐2 (𝛼 − 1) 2𝛼−2

𝛼

𝛼2
©­«
∫ 𝑡+ℎ

𝑡

( ∞∑
𝑛=1

(
𝜆

1− 1
𝛼

𝑛 𝐹𝑛 (𝑠)
)2

)1/2

(𝑡 + ℎ − 𝑠)𝛼−2 𝑑𝑠
ª®¬

2

≤ 𝑐2 (𝛼 − 1) 2𝛼−2
𝛼

𝛼2 ∥𝐹∥2
𝐶 ( [0,𝑇 ];𝐷 (𝐴1− 1

𝛼 ) )
ℎ2(𝛼−1) .

This yields
∥I11(𝑡)∥𝐷 (𝐴) ≤ 𝑐25∥𝐹∥

𝐶 ( [0,𝑇 ];𝐷 (𝐴1− 1
𝛼 ) ) ℎ

𝛼−1,

where 𝑐25 =
(𝛼 − 1) 𝛼−1

𝛼

𝛼
𝑐.

Next, we estimate the term I12. Using Lemma 2.1, we obtain

∥I12(𝑡)∥2
𝐷 (𝐴) ≤ 𝑐2

∞∑
𝑛=1

����∫ 𝑡

0
𝜆𝑛𝐹𝑛 (𝑠)

(∫ 𝑡+ℎ−𝑠

𝑡−𝑠
𝜏𝛼−2 𝑑𝜏

)
𝑑𝑠

����2 .
For 0 < 𝑠 < 𝑡, we have∫ 𝑡+ℎ−𝑠

𝑡−𝑠
𝜏𝛼−2 𝑑𝜏 =

1
𝛼 − 1

[
(𝑡 + ℎ − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1] .

We note that the estimate
(𝑡 + ℎ − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1 ≤ ℎ𝛼−1

follows from the concavity of the function 𝑓 (𝑡) = 𝑡𝜅 with 0 < 𝜅 < 1, namely,

𝑓 (𝑡1) − 𝑓 (𝑡2) ≤ 𝑓 (𝑡1 − 𝑡2), 0 < 𝑡2 < 𝑡1.

Therefore, we deduce

∥I12(𝑡)∥2
𝐷 (𝐴) ≤

𝑐2

(𝛼 − 1)2

∞∑
𝑛=1

����∫ 𝑡

0
𝜆𝑛𝐹𝑛 (𝑠) 𝑑𝑠

����2 ℎ2𝛼−2,

which implies
∥I12(𝑡)∥𝐷 (𝐴) ≤ 𝑐26∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) ℎ

𝛼−1.

Furthermore, we have

I2 =
∞∑
𝑛=1

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

(
𝐸𝛼,1(−𝜆𝑛 (𝑡 + ℎ)𝛼) − 𝐸𝛼,1(−𝜆𝑛𝑡𝛼)

) ] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

+
∞∑
𝑛=1

[
𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)
(
(𝑡 + ℎ)𝐸𝛼,2(−𝜆𝑛 (𝑡 + ℎ)𝛼) − 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

) ] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

=: I21 + I22.
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To estimate I21, we use Lemmas 2.1 and 2.3. We obtain

|𝐸𝛼,1(−𝜆𝑛 (𝑡 + ℎ)𝛼) − 𝐸𝛼,1(−𝜆𝑛𝑡𝛼) | =
����∫ 𝑡+ℎ

𝑡
𝜆𝑛𝜏

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝜏𝛼) 𝑑𝜏
����

≤
∫ 𝑡+ℎ

𝑡
𝜆𝑛𝜏

𝛼−1 𝑐

1 + 𝜆𝑛𝜏𝛼
𝑑𝜏 ≤ 𝑐

∫ 𝑡+ℎ

𝑡
𝜏−1 𝑑𝜏. (3.36)

Then, for 𝛿 ≤ 𝑡 ≤ 𝑇 , we have

∥I21(𝑡)∥2
𝐷 (𝐴) ≤ 𝑐2𝑐−2

1

∞∑
𝑛=1

���� 𝜆2
𝑛𝑇

𝛼

1 + 𝜆𝑛𝑇 𝛼
𝜑𝑛

∫ 𝑡+ℎ

𝑡
𝜏−1 𝑑𝜏

����2
≤ 𝑐2𝑐−2

1

(
ln

(
1 + ℎ

𝑡

))2 ∞∑
𝑛=1

𝜆2
𝑛𝜑

2
𝑛

≤ 𝑐2𝑐−2
1

ℎ2

𝛿2 ∥𝜑∥
2
𝐷 (𝐴)

≤ 𝑐2
27

(
ℎ

𝛿

)2(𝛼−1)
∥𝜑∥2

𝐷 (𝐴) . (3.37)

Here we have used Lemma 2.4.
We now estimate I22. Using Lemmas 2.1 and 2.3, we obtain

∥I22(𝑡)∥2
𝐷 (𝐴) ≤ 𝑐2𝑐−2

1

∞∑
𝑛=1

���� 𝜆2
𝑛𝑇

2𝛼−1

1 + 𝜆𝑛𝑇 𝛼
𝜑𝑛

∫ 𝑡+ℎ

𝑡
𝐸𝛼,1(−𝜆𝑛𝑠𝛼) 𝑑𝑠

����2
≤ 𝑐4𝑐−2

1 𝑇2(𝛼−1)
∞∑
𝑛=1

𝜑2
𝑛

����∫ 𝑡+ℎ

𝑡
𝑠−𝛼 𝑑𝑠

����2
≤

𝑐4𝑐−2
1

(𝛼 − 1)2𝑇
2(𝛼−1)

���� (𝑡 + ℎ)𝛼−1 − 𝑡𝛼−1

(𝑡 + ℎ)𝛼−1𝑡𝛼−1

����2 ∥𝜑∥2.

We note that
(𝑡 + ℎ)𝛼−1 − 𝑡𝛼−1 ≤ ℎ𝛼−1,

and, for 𝛿 ≤ 𝑡 ≤ 𝑇 ,
(𝑡 + ℎ)𝛼−1𝑡𝛼−1 ≥ 𝛿2𝛼−2.

Hence, we obtain

∥I22(𝑡)∥𝐷 (𝐴) ≤ 𝑐28
ℎ𝛼−1

𝛿2𝛼−2 ∥𝜑∥. (3.38)

Similarly to (3.36)–(3.38), we obtain the following estimate for I3:

∥I3(𝑡, ·)∥𝐷 (𝐴) ≤ 𝑐29
ℎ𝛼−1

𝛿𝛼−1 ∥𝜓∥ + 𝑐30
ℎ𝛼−1

𝛿2𝛼−2 ∥𝜓∥𝐷 (𝐴) . (3.39)

We now estimate I4. We write

I4 = −
∞∑
𝑛=1

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)

(
𝐸𝛼,1(−𝜆𝑛 (𝑡 + ℎ)𝛼) − 𝐸𝛼,1(−𝜆𝑛𝑡𝛼)

)
+ 𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)
(
(𝑡 + ℎ)𝐸𝛼,2(−𝜆𝑛 (𝑡 + ℎ)𝛼) − 𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

) ]
×

(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇)

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

:= I41 + I42.
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For I41, we have

∥I41(𝑡)∥2
𝐷 (𝐴) ≤ 𝑐2

27
ℎ2(𝛼−1)

𝛿2(𝛼−1)

∞∑
𝑛=1

����� 𝜆𝑛𝑇
𝛼

1 + 𝜆𝑛𝑇 𝛼

∫ 𝑇

0
𝜆

1− 1
𝛼

𝑛 𝐹𝑛 (𝑠)
(𝜆𝑛 (𝑇 − 𝑠)𝛼) 1

𝛼

1 + 𝜆𝑛 (𝑇 − 𝑠)𝛼 (𝑇 − 𝑠)𝛼−2 𝑑𝑠

�����2
≤ 𝑐2

27
(𝛼 − 1) 2𝛼−2

𝛼

𝛼2
ℎ2(𝛼−1)

𝛿2(𝛼−1)

������
∫ 𝑇

0

( ∞∑
𝑛=1

(𝜆1− 1
𝛼

𝑛 𝐹𝑛 (𝑠))2

)1/2

(𝑇 − 𝑠)𝛼−2 𝑑𝑠

������
2

≤ 𝑐2
31
ℎ2(𝛼−1)

𝛿2(𝛼−1) ∥𝐹∥
2
𝐶 ( [0,𝑇 ];𝐷 (𝐴1− 1

𝛼 ) )
.

Similarly, we obtain

∥I42(𝑡)∥𝐷 (𝐴) ≤ 𝑐32
ℎ𝛼−1

𝛿2𝛼−2 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) .

Indeed, applying Lemmas 2.1 and 2.3, together with the generalized Minkowski integral in-
equality and (3.38), we obtain

∥I22(𝑡)∥2
𝐷 (𝐴) =

∞∑
𝑛=1

𝜆2
𝑛

����𝜆𝑛𝑇 𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)
𝜌(𝜆𝑛𝑇 𝛼)

∫ 𝑡+ℎ

𝑡
𝐸𝛼,1(−𝜆𝑛𝑠𝛼) 𝑑𝑠

×
∫ 𝑇

0
𝐹𝑛 (𝜂) (𝑇 − 𝜂)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑇 − 𝜂)𝛼) 𝑑𝜂

����2
≤ 𝑐6𝑐−2

1

∞∑
𝑛=1

���� 𝜆2
𝑛𝑇

𝛼−1

1 + 𝜆𝑛𝑇 𝛼
· 𝜆𝑛𝑇 𝛼

∫ 𝑡+ℎ

𝑡

1
1 + 𝜆𝑛𝑠𝛼

𝑑𝑠

×
∫ 𝑇

0
𝐹𝑛 (𝜂)

(𝑇 − 𝜂)𝛼−1

1 + 𝜆𝑛 (𝑇 − 𝜂)𝛼 𝑑𝜂

����2
≤ 𝑐6𝑐−2

1

∞∑
𝑛=1

����𝜆𝑛𝑇 𝛼−1
∫ 𝑡+ℎ

𝑡
𝑠−𝛼 𝑑𝑠

∫ 𝑇

0
𝐹𝑛 (𝜂)(𝑇 − 𝜂)𝛼−1 𝑑𝜂

����2
≤ 𝑐6𝑐−2

1 𝑇2(𝛼−1)
(∫ 𝑡+ℎ

𝑡
𝑠−𝛼 𝑑𝑠

)2 ©­«
∫ 𝑇

0

( ∞∑
𝑛=1

(𝜆𝑛𝐹𝑛 (𝜂))2

)1/2

(𝑇 − 𝜂)𝛼−1 𝑑𝜂
ª®¬

2

≤
𝑐6𝑐−2

1
(𝛼(𝛼 − 1))2𝑇

2(2𝛼−1) ℎ
2(𝛼−1)

𝛿4(𝛼−1) ∥𝐹∥
2
𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) ,

and we can prove

∥I5(𝑡)∥𝐷 (𝐴) ≤ 𝑐33
ℎ𝛼−1

𝛿𝛼−1 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) + 𝑐34
ℎ𝛼−1

𝛿2𝛼−2 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) .
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Now we complete the proof of Theorem 3.2 (3). By Lemmas 2.2 and 2.3, we have

𝜕𝛼
𝑡 𝑢(𝑡) =

∞∑
𝑛=1

𝐹𝑛 (𝑡)𝑒𝑛 −
∞∑
𝑛=1

𝜆𝑛𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)𝑒𝑛

−
∞∑
𝑛=1

𝜆𝑛

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + 𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)
] 𝜑𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

−
∞∑
𝑛=1

𝜆𝑛

[
− 𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼))𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

] 𝜓𝑛

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

+
∞∑
𝑛=1

𝜆𝑛

[
𝐸𝛼,1(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) + 𝜆𝑛𝑇

𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑇 𝛼)𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)
]

×
(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛𝑡𝛼)

)
(𝑇)

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛

−
∞∑
𝑛=1

𝜆𝑛

[
𝑇𝐸𝛼,2(−𝜆𝑛𝑇 𝛼)𝐸𝛼,1(−𝜆𝑛𝑡𝛼) − (𝛾 + 𝐸𝛼,1(−𝜆𝑛𝑇 𝛼))𝑡𝐸𝛼,2(−𝜆𝑛𝑡𝛼)

]
×

(
𝐹𝑛 (𝑡) ★ 𝑡𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝑡𝛼)

)
(𝑇)

𝜌(𝜆𝑛𝑇 𝛼) 𝑒𝑛.

Then

𝜕𝛼
𝑡 𝑢(𝑡 + ℎ) − 𝜕𝛼

𝑡 𝑢(𝑡) = 𝐹 (𝑡 + ℎ) − 𝐹 (𝑡) −
[
(P1𝐴𝐹) (𝑡 + ℎ) − (P1𝐴𝐹) (𝑡)

]
−

[
(P2(𝑡 + ℎ)𝐴𝜑) − (P2(𝑡)𝐴𝜑)

]
−

[
(P3(𝑡 + ℎ)𝐴𝜓) − (P3(𝑡)𝐴𝜓)

]
+

[
(P4𝐴𝐹) (𝑡 + ℎ) − (P4𝐴𝐹)(𝑡)

]
−

[
(P5𝐴𝐹) (𝑡 + ℎ) − (P5𝐴𝐹)(𝑡)

]
:= I6 − I7 − I8 − I9 + I10 − I11. (3.40)

Now, we establish estimates for I 𝑗 ( 𝑗 = 6, . . . , 11) and show that I 𝑗 tends to 0 as ℎ → 0.
The following estimate is obtained easily:

∥I6(𝑡)∥ =
∥𝐹 (𝑡 + ℎ) − 𝐹 (𝑡)∥

ℎ𝛼−1 ℎ𝛼−1 ≤ [𝐹]𝐶0,𝛼−1 ( [0,𝑇 ];𝐻 ) ℎ
𝛼−1.

By (3.35), the second term in (3.40) can be written as follows:

I7 =
∞∑
𝑛=1

𝜆𝑛

[ ∫ 𝑡+ℎ

𝑡
𝐹𝑛 (𝑠)(𝑡 + ℎ − 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑛 (𝑡 + ℎ − 𝑠)𝛼) 𝑑𝑠

]
𝑒𝑛

+
∞∑
𝑛=1

𝜆𝑛

[ ∫ 𝑡

0

∫ 𝑡+ℎ−𝑠

𝑡−𝑠
𝐹𝑛 (𝑠)𝜏𝛼−2𝐸𝛼,𝛼−1(−𝜆𝑛𝜏𝛼) 𝑑𝜏 𝑑𝑠

]
𝑒𝑛.

We observe that the last equality differs from (3.35) only by the presence of the factor 𝜆𝑛.
Therefore, we obtain

∥I7(𝑡)∥ ≤ 𝑐35

(
∥𝐹∥

𝐶 ( [0,𝑇 ];𝐷 (𝐴1− 1
𝛼 ) ) + ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) )

)
ℎ𝛼−1.

Similarly to (3.37) and (3.38), we have

∥I8(𝑡)∥ ≤ 𝑐36

(
1

𝛿𝛼−1 ∥𝜑∥𝐷 (𝐴) +
1

𝛿2𝛼−2 ∥𝜑∥
)
ℎ𝛼−1.
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Further, by (3.39), we obtain

∥I9(𝑡)∥ ≤ 𝑐37

(
1

𝛿𝛼−1 ∥𝜓∥𝐷 (𝐴) +
1

𝛿2𝛼−2 ∥𝜓∥
)
ℎ𝛼−1.

Similarly, we obtain

∥I10(𝑡)∥ ≤ 𝑐38

(
1

𝛿𝛼−1 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴1− 1
𝛼 ) ) +

1
𝛿2𝛼−2 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐻 )

)
ℎ𝛼−1.

and
∥I11(𝑡)∥ ≤ 𝑐39

(
1

𝛿𝛼−1 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) ) +
1

𝛿2𝛼−2 ∥𝐹∥𝐶 ( [0,𝑇 ];𝐷 (𝐴) )

)
ℎ𝛼−1.

Thus, the proof of Theorem 3.2 is complete. □

Corollary 3.3. Let 𝛾 ∈ (−∞,−1) ∪ (0,∞) and 𝑇 ∉ Λ. Let 𝜑, 𝜓 ∈ 𝐷 (𝐴) and 𝐹 = 0. Then, there
exists a constant 𝐶4 > 0 such that 𝑢 ∈ 𝐶∞((0, 𝑇];𝐻) and

∥𝜕𝑚𝑡 𝑢(𝑡)∥ ≤ 𝐶4

𝑡𝑚

(
∥𝜑∥ + ∥𝜓∥ + 𝑡

(
∥𝜑∥𝐷 (𝐴) + ∥𝜓∥𝐷 (𝐴)

) )
, 𝑡 > 0, 𝑚 ∈ N.

The proof is a direct consequence of (3.4) and Lemma 2.3.

4 Conclusion
This paper investigates a nonlocal initial-boundary value problem for an abstract time-fractional
wave equation involving an unbounded, positive, self-adjoint operator on a Hilbert space. The exis-
tence of a mild solution is established via the eigenfunction decomposition method. By expanding
the solution in terms of the operator’s eigenfunctions, the problem is reduced to a system of or-
dinary fractional differential equations with nonlocal conditions, whose solutions are expressed
using the Mittag–Leffler function. An analysis of the zeros of the denominator determines the ad-
missible interval of definition, excluding the right endpoint. The mild solution is represented as
a series expansion in the eigenfunctions of the abstract operator, and estimation techniques in the
associated Hilbert spaces are employed to prove existence, uniqueness, and regularity.

An open problem remains regarding the behavior of solutions for certain values of the parameter
𝛾, namely 𝛾 ∈ [−1, 0). As noted in Remark 2.7, in these cases, there is currently no available
information on an upper bound for the largest zero 𝜂𝑁 . This lack of control presents significant
analytical difficulties in deriving uniform estimates or obtaining further spectral bounds, and it
therefore represents a promising direction for future research.

In addition, we briefly mention the open inverse source problems for (1.1)–(1.2) under different
overdetermination conditions, which merit further investigation.
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