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Abstract. In this paper, we study a nonlocal initial boundary value problem for an abstract time-fractional
diffusion-wave equation involving an unbounded, positive, self-adjoint operator on a Hilbert space. The
existence of a mild solution is investigated using the eigenfunction decomposition method. By expanding
the solution in terms of the operators eigenfunctions, the problem is reduced to a system of ordinary fractional
differential equations with nonlocal conditions. The solutions of these equations are expressed in terms of
the Mittag-Leffler function. By examining the zeros of the denominator, we identify the appropriate interval
of definition, which excludes the right endpoint, ensuring the correctness of the solution. The solution to the
original problem is expressed as a series expansion in terms of the eigenfunctions of an abstract operator. By
applying estimation techniques in the corresponding Hilbert spaces, we establish the existence, uniqueness,
and regularity of the solution.
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1 Introduction

Let T > 0 be a fixed constant, and let H be a separable Hilbert space equipped with the inner
product (-, -) and the associated norm || - ||. Let

A:D(A)cH—H

be an unbounded, positive, self-adjoint operator on H such that its inverse A~! exists and is a
compact operator on H. Moreover, 0 ¢ o (A).

Suppose that A has a complete system of orthonormal eigenfunctions {e,} in H, associated
with a countable set of positive eigenvalues {1,}. It is convenient to assume that the eigenvalues
are nondecreasing, that is,

O0<A1 <A< — Foo.

We consider the following fractional wave equation:

Ofu(t) + Au(t) = F(1), te(0,7), (1.1
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where 0, denotes the Caputo time-fractional derivative of order 1 < « < 2, defined by

1-a

m *y" (1),

5t“y(f) =

where x denotes the convolution, I'(+) is Euler’s Gamma function, and

l-a
J-a _ 1Y >0,
Y=

0, t <0,

and the source term F'(¢) is given.
We supplement equation (1.1) with the following non-local initial conditions:

yu(0) +u(T) = ¢, u'(T) =4y, (1.2)
where y € (—o0,—1) U (0, ) is a given number, and ¢ and ¢ are given elements of H.

Definition 1.1. A function u(z), represented by the series

[e9)

u(t) = ) ualt) en,

n=1

is called a mild solution of the fractional problem (1.1)—(1.2) if
u € C([0,T1: D(A)) n C([0,T]; H),
and its Fourier coefficients u, () = (u(¢), e,,) satisfy the scalar fractional differential equations
0 un(t) + Lyun(t) = Fp(1), te€(0,7), l<a<2,
subject to the nonlocal conditions
Yun(0) +un(T) = @n,  up(T) =¢n,  neN,

where
¢n = (¢, en), Un= (Y, en), Fu(t) = (F(1), en).

The fractional diffusion-wave (or superdiffusion) equation with Caputo time derivatives of order
1 < @ < 2 has attracted substantial interest due to its ability to model phenomena exhibiting
both diffusive and wave-like characteristics. Foundational work by Sakamoto and Yamamoto [20]
rigorously established the well-posedness and regularity of solutions to initial and boundary value
problems for such equations, along with important results on related inverse problems, including
source and coefficient identification.

Building on this foundation, recent studies have extended the analysis to fractional partial dif-
ferential equations with nonlocal or multi-point initial conditions and have explored backward and
ill-posed inverse problems. For example, Alimov and Ashurov [1] examined backward problems
for time-fractional subdiffusion equations, developing stability estimates and regularization meth-
ods that are essential for handling the inherent ill-posedness of such problems. Similarly, Ashurov
and Fayziev [2] studied the fractional diffusion equation with nonlocal initial conditions, providing
existence, uniqueness, and stability results for direct and inverse source problems within a spectral
framework.
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Moreover, Floridia, Li, and Yamamoto [8] analyzed the well-posedness of backward problems
in time for general time-fractional diffusion equations, contributing important theoretical insights
into stability and uniqueness. Nonlocal-in-time conditions arise naturally in applications where
control or observation is performed at the terminal time or over time intervals, and they have been
rigorously investigated in the recent literature.

In particular, Ruzhansky et al. [19] developed a detailed spectral framework for fractional
diffusion-wave equations under multi-point and integral conditions, proving existence and unique-
ness via Mittag-Leffler expansions. Their approach is particularly well suited to Hilbert space
settings, where the operator A admits a complete set of eigenfunctions.

These developments motivate the present study, in which we consider fractional diffusion-wave
equations in a separable Hilbert space equipped with a positive self-adjoint operator, together with
nonlocal time conditions.

In recent years, alongside classical conditional problems, inverse problems involving nonlocal
conditions have been extensively investigated. In particular, Kirane, Malik, and Al-Gwaiz [11]
addressed such an inverse problem for a two-dimensional time-fractional diffusion equation with
nonlocal boundary conditions. Specifically, the authors considered a linear time-fractional diffu-
sion equation defined on a rectangular spatial domain, involving a Caputo time-fractional derivative
and nonlocal boundary conditions. The main objective was to determine an unknown source term,
independent of time but possibly depending on the spatial variables, from additional integral-type
measurements and nonlocal boundary specifications.

Xing Cheng and Zhiyuan Li [21] investigated an inverse source problem for a time-fractional
diffusion-wave equation in a bounded domain, focusing on the recovery of a spatially dependent
source term from additional measurement data provided on part of the boundary. Lingyun Qiu and
Jiwoon Sim [13] studied the uniqueness of recovering either the spatial or the temporal component
of a separated source term in a time-fractional diffusion-wave equation from limited observation
data.

In the context of fractional diffusion-wave equations, which interpolate between parabolic and
hyperbolic behavior through a Caputo time-fractional derivative of order a € (1, 2), ill-posedness
typically manifests as severe instability unless additional structural conditions are imposed. Dur-
diev and Rahmonov [4, 5] investigated coeflicient identification problems for time-fractional dif-
fusion and wave equations subject to time-nonlocal initial and boundary conditions, together with
integral overdetermination conditions providing additional data.

In arecent work, Durdiev [6] considered a multidimensional time-fractional wave equation with
integral overdetermination constraints aimed at determining unknown components of a source term
assumed to be separable in time and space. Furthermore, Durdiev’s monograph [7] provides a com-
prehensive study of inverse problems related to the identification of source terms and coefficients
in fractional-order diffusion equations, and develops a general theoretical framework for their anal-
ysis.

Rahmonov [15] investigated the inverse problem of determining a time-dependent coefficient
in a time-fractional wave equation posed on a bounded domain, with Robin-type boundary con-
ditions and additional integral (overdetermination) data. In addition, Rahmonov [17] studied an
inverse problem for a one-dimensional time-fractional integro-differential wave equation with a
Gerasimov—Caputo fractional derivative. The author first analyzed the corresponding direct prob-
lem, establishing existence, uniqueness, and regularity of weak solutions under suitable assump-
tions.

In the theory of inverse problems for fractional integro-differential equations, establishing well-
posedness—that is, existence, uniqueness, and continuous dependence of the solution on the data—
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is fundamental for both theory and applications. Moreover, Rahmonov [16] examined backward
and inverse problems for a time-fractional integro-differential diffusion equation in an abstract Ba-
nach space setting, where the temporal dynamics involve nonlocal memory effects through frac-
tional operators.

Backward (or final-value) problems for fractional evolution equations are prototypical examples
of ill-posed problems, since reconstructing past states from later measurements generally violates
the classical Hadamard well-posedness criteria. The case 1 < @ < 2 differs significantly from the
case 0 < @ < 1, which is well posed for any 7 > 0. The main results for backward problems with
v = 0 (see [9]) can be summarized as follows:

Backward problem in time.
1. 0 < a < 1: well posed for any T > 0;
2. a = 1: severely ill posed, but uniqueness and conditional stability hold for any 7 > 0;

3. 1 < a < 2: well posed for T > 0 not belonging to a countable set A (see (3.1)); for such
exceptional values of 7', non-uniqueness may occur.

A recent paper by A.A. Rahmonov (see [18]) addresses an inverse problem for an abstract
diffusion equation with a fractional time derivative within an operator framework. A key feature of
this work is its abstract setting, which allows the results to apply to a broad class of diffusion-type
problems, including those defined on Hilbert and Banach spaces with various boundary conditions.

The use of fractional calculus and spectral methods yields constructive representations of both
the direct and inverse solutions, while the application of fixed-point arguments and a priori esti-
mates ensures rigorous well-posedness results, even in the presence of nonlocal effects induced by
the fractional time derivative. Rahmonov’s contribution fits into the broader framework of frac-
tional inverse problems by extending classical diffusion coefficient recovery to fractional settings,
where memory effects complicate both analytical and numerical reconstruction.

The abstract nature of the approach implies that specific partial differential equation models,
such as time-fractional diffusion equations on bounded domains, can be treated as particular real-
izations of the general theory.

The paper is organized as follows. Section 2 introduces auxiliary concepts and new results
needed for the study of problem (1.1)—(1.2). In Section 3, we investigate the direct problem in
detail, including existence, uniqueness, and regularity of solutions. Section ?? summarizes the
main results and presents some open problems related to the problem under consideration. The list
of references is given at the end of the paper.

2 Notations and preliminaries

2.1 Functional spaces

In this subsection, we introduce some definitions and preliminary results that will be used through-
out the paper.
Let o be an arbitrary real number. We define the power of the operator A, acting on H, by

A%g =) AT gnen,
n=1
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where g, = (g, e,,) are the Fourier coefficients of a function g € H. The domain of this operator
is given by

D(A7) = {g €H: Y AN en)l’ < oo}.

n=1

For elements of D(A“), we introduce the norm
181 ey = D A2 Igul® = A 8],
n=1
Let V be a Banach space. We denote by C ([0, T']; V) the space of all continuous functions from

[0,T] into V, endowed with the norm

. = t .
ligllco.ryv)  max, llg@)llv
For 0 < £ < 1, we denote by C%¢([0,T];V) the subspace of C([0,T];V) consisting of all Holder
continuous functions, equipped with the £-Holder seminorm

llg(t2) — g(t)llv
0<t, <ty <T 2 — 11]¢

’

[glcoepo.ryvy =
and the ¢-Holder norm

ligllco.ccro.ry:vy = llgllco.rvy + [glcoeo.r):v)-

We denote by AC[0, T'] the space of absolutely continuous functions on [0, 7], and define
AC™[0,T] :={y:yecCc™0,1], y'V € AC[0,T]}, m >2.

The Mittag—Leffler function is defined as follows (see [10], pp. 40-45):

s k

Z
EP,,U(Z) = s Z (S C,
kz:(:) L(pk + p)

where Re(p) > 0 and u € C. Itis well known that E,, , is an entire function on C.
Lemma 2.1 ( [14], p. 35). Let 0 < p <2 and u € R. Let « satisfy

n
7p < k <min{m, wp}.

Then there exists a constant ¢ = c(p, u, k) > 0 such that

c
1+|z|’

|Ep,#(z)f < Kk < |arg(z)] < 7.

For the proof, we refer to [3].
Lemma 2.2 ([12]). Let 1 < @ <2 and let h € AC[0,T]. Define
p(t) = (hx t* 'Eqo(-1t")) (1),  t>0.
If A > 0, then p € AC?[0,T] and satisfies

Of p(1) + Ap(t) = h(1), 0<r<T.
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Lemma 2.3. Let 1 <a <2, 4>0, and m € N. Then the following identities hold:

Forallt >0, J
EEa,l(_/Ua) = _/lta_lEa/,a(_/lta)’
d
E(IEQ/,Z(_/U(I)) = Eq.1(=At7).
Forallt > 0,
dm
dt_mEa,l(_/UQ) = _/Ua_mEa,af—m+l(_/lta)’
d
E(l‘a_lEa,a(_/Ua)) = ta_zEa,(t—l(_/lta),
and

O (tEq2(—At?)) = —AtEq »(—-At?),
(‘){’Ea,l(—/lt") = —/lEa,’l(—/ll‘a).

The proof can be found in [10].

Lemma 24. letl <a <2, h>0,andt > 6 > 0. Then, for h sufficiently small, the following

inequality holds:
a-1
ln(l + ﬁ) < (ﬁ) .
t 0

The result follows from elementary estimates.

2.2 Solution of the nonlocal problem for an ordinary fractional equation
We consider the fractional ordinary differential equation

Fy(t) +Ay(t) = f(1), 0<t<T, 2.1
subject to the nonlocal conditions

yy(0) + y(T) =ar, y'(T)=br, 2.2)

where 4, y, ar, and bt are given real numbers. We assume that 1 > 0 and y € (—o0, —1) U (0, 00).
Let f be a given real-valued function defined on [0, T] such that f € AC[0,T]. According
to [10, Theorem 5.15, p. 323], the general solution of (2.1) is given by

V(1) = Eq1(=At?) dy + tEq 2 (=At*) dy + f x (197 Eq o(=117)), (2.3)

where d1, d, are arbitrary real constants. By Lemma 2.3, for 4 > 0 and ¢ > 0, it follows from (2.3)
that
V(1) = U Eq o(~AtY) dy + Eq (=A%) da + f % (1" 2Eq -1 (=1t7)). (2.4

Evaluating (2.3) and (2.4) att = T, we obtain
Y(T) = Eq1(=AT®*)dy + TEq2(—AT*) da + (f * t"_lEa,a(—/lt"))(T), (2.5)
and

V(T) = AT 'Ego (AT di + Eo 1 (=AT*) dy + (f ¥t *Eq.0-1(=2))(T).  (2.6)
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Substituting (2.5) and (2.6) into the boundary conditions (2.2), we obtain

1
dy = [E AT ay — TE o(~=AT®) b
1 p(/lTa) a,l( )aT a,Z( ) T

— Eq1(=AT) (f % t* 'Eq o (—2t"))(T)
FTEqa(=AT®) (f % 17 2E g q-1 (—/lt"))(T)],

and
_ —1
dZ - p(/lTa) (7 + Ea,l (_/ITG)) bT + /lTa Ea/,a(_/lTa) ar

— (Y + Eq,1(=ATY)) (f %t E g, q-1(-2t"))(T)

— AT Eq o (=AT®) (f % 1% Eq,o (-2t)(T) |,
where

p() = YEa1 (1) + Ea1(-0)* + N Eq2(-n)Ea,a(-n), 7 >0. 2.7)
Substituting the constants d; and d, into (2.3), we obtain
Ea,l(_/lta)
Y = = | Bt (<AT) a7 = TEq2(=AT) by

= Ea 1 (=AT*)(f % 1 Eq o (=21"))(T)
+TEq 2 (=AT ) (f % 172 B a1 (-217))(T)

tE o 2(—A1%) -1
+ W[('}/-FEQ,](—/ITQ)) bT+/lTa Ea’a(—/lTa) ar

— (Y + Eq (=T ") (f x t* ?Eq,a-1(=t"))(T)
AT Eq o (~AT)(f % ta—lEa,a(—Az“))(T)]

+ [ (1 E g o (—tY)). (2.8)
Before studying problem (1.1)—(1.2), we analyze the zeros of the function p(7) defined in (2.7).
Lemma 2.5. Lety € (—o0,—1) U (0, ). Then the set
P={n>0:p(n =0}
is nonempty and finite. Moreover, there exists a constant c1 > 0 such that
ol =t forally = e,

Proof. We distinguish two cases.

Case 1: y < —1. By the analyticity of the Mittag—Leffler function, the function p(#) is analytic
for n > 0 and continuous on [0, o). Moreover, from the asymptotic expansions of Mittag—Leftler
functions for 1 < a < 2, we have

) s asn — oo, 2.9)

a/l( 77) +O
a)n

Ea/,Z(_n) F(2 a) n + o

I
n*
1
n

1
aa( 77) F( a) 2+0($
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(see, e.g., [14], pp. 29-37). Consequently,
P(1) = YEa 1 (=1) + Ea1 (=1)> + NE o 2(=1)Eq,a(-1)

_r ! +0
= — — 1, as —> 00,
C(1-a)n n? 1

Since I'(1 — @) < 0 and y < —1, it follows that

Y
_— >
I'l-a)
Hence, there exists M > 0 such that p(7) > 0 for all > M. On the other hand, since p(0) =
v + 1 < 0, the continuity of p on [0, o) ensures the existence of & > 0 such that p() < 0 for
0 < n < &. By the intermediate value theorem, there exists r7; € (&, M) such that p(5;) = 0.
Moreover, since p is analytic on [g, M], the set

{nele,M]:p(n =0}

is finite. Otherwise, by analyticity, p would vanish identically on [&, M], which would imply
p(0) = 0, contradicting p(0) =y + 1.

0.

Case 2: y > 0. In this case, we have
Y

Tl-a)
Arguing as above, we conclude that the set P is nonempty and finite. Indeed, since p(0) = y+1 >0
and p(n) < 0 for sufficiently large 7, the intermediate value theorem again guarantees the existence
of at least one zero.

0.

Finally, from the asymptotic expansion (2.9), there exists c¢; > 0 such that

lo(n)| = %, for all sufficiently large 7. (2.10)

This completes the proof. m]

We set
{n,....nn}={n>0:p(n) =0},

with ) < --- <ny. By Lemma 2.5, we have no explicit information on the number N of zeros of
P, except that it is finite and nonzero. In the next lemma, we provide an upper bound for the largest
Zero Ny .

For convenience, we set

1 . 1 1
of(-) M7 ale=Dr=)

M1 = = m

Then uy, uo, u3 > 0, since I'(—a) >0 for 1 < a < 2.
For 1 < a < 2, we fix 0 such that

T
— <O <.
3 T

Let [ = 1(0) (see Fig. 1) denote the contour in C directed from coe~'¢ to coe’
(see [3], p. 126)

9, consisting of
S1={z:argz =-0, |z| > 1},
[(0)=qC={z:-0<argz <0, |z] =1},
Sy ={z:argz=90, |z| > 1}.
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A

X‘/—
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-
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-

<

- -
-

1(8)
51

Figure 1: The contour of integration /(6).

We define 1
[ ]/(I d
YI'= Srasing ‘/Z|6Xp(§ )’ 1Z]1d<],

! 1/a 1-1/a
=— d
v zmsma/,'e"p“ |12 1dg),

1
y3= ——— /Iexp(g”‘w 1"+ dg).
2rasind J,

Since there exists a constant co > 0 such that

lexp(£"/*)| < exp(—col¢]?), (€l

(see [3], p. 135), it follows that
0< Vi, V2,V3 < 00,

We are now in a position to prove the following result.

Lemma 2.6. Lety > 0. Then

1 1 1
< max{——, — +YVL+ 21V F V3 + u3va + v+ vavs |
NN {|cos0| Wy (az(a—l)l“(—a) YVI T 21Vl T H2V3 + U3V VY2 3)}

Proof. By formula (1.145) in [14], we have

1 2
Eqi(-n) = —“7 +Ig1 (1), Eqo(-n) = % + Lo (),

(2.11)
E(x,a(_n) = _lﬁ + I(I,(t(n)» n= 1,
where
-1 1y iy dl
I i = — @ @ +1— | — 1 2
a,j(n) Zﬂalﬂ‘/lexp(g )g §+7]’ .] s~
and
1 Ly 1y dg
lo,a(n) = 2rain? leXP(f”)g“ m, n=1.
By [9], we have
Vi V2 V3
LI < 220 Uz € 2, aal <2, forys . 2.12)
n n n | cos 0]
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Applying (2.11) and (2.12) in (2.7), we obtain, for n >

p(n) =

;O(n)=—m{l—L

M1

fOI‘?] Z |cos€|

|c059| 21,

YEa1(-1) + Eq1(-1)* + NEa2(-1)E a4, (-1)

2
MH1Y M1
= T +ylq1(n) + (7 - Ia,l(ﬂ))

+ (& + 10,2(77)) (_lﬁ + 77](1/,(1(77))
n n

Hy
=-—+= . (/ﬁ — H2}3)
n

+|or- 2%)@(:;) + L (0 + 2l ()

M3l 2(n)
- + 771(1,2(77)]0,(1(77)

< -1 4 —|uf - pops)
,72

(7+2 )llwl(n)|+lwl(n) +/12|Iw (z(n)|

usll ,2(’7)|
+ 2 o) a,a(n)]

LMy ! 1. om

+
n  aa-DI(-a)n> 7n?

1 1
+ (2uivy + pavy + #31/2)? + (v + V2V3)F

Hiy 1
<-——+ +yvi +2uv
7 (@ - )I(-a) YVi MH1V1

2
+ H2v3 + u3va + vy +v2v3 F

y\@*(a - DI (-a)

This completes the proof of Lemma 2.6.

35

1 1
( +yvi + 22UV + Hov3 +/13V2+V%+V2V3) —}
n

Remark 2.7. In the remaining cases for y, no upper bound for the largest zero n is available.

3 Solvability of the FVP (1.1)—(1.2)

This section is devoted to the construction of the solution, the derivation of a priori estimates, and
the analysis of uniqueness and regularity properties.

3.1 Construction of the solution and a priori estimates

We introduce the set A as

follows:

o= () o 2}

3.1)
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Observe that A is a countably infinite set. Since 4,, — o0 as n — oo, the set A has 0 as an
accumulation point. Moreover, one readily verifies that

o (%)
A

Instead of proceeding formally from the abstract equation, we construct the solution as fol-
lows. First, for each n € N, we consider the scalar fractional differential equation for the unknown
coeflicients u,, (1)

_I=

A C

O un (1) + Ayun (1) = Fu(1), te (0,7),
subject to the nonlocal conditions derived from (1.2),
'yun(o) + ”n(T) = SDVL’ M;L(T) = lﬁn’ (32)

where

on = (¢, en), Un = (Y, en), Fu(t) = (F(1), en).

Let T ¢ A. By Subsection 2.2 and the final-value data (3.2), we obtain

Ea,l (_/lnta)
p(AT?)
— Eq 1 (=2,T) (Fy x t" Eq 0 (=2,t"))(T)

un([) = Ea,l (_/lnTa/)Son - TE(I,Z(_/lnTa)wn

+ TE 42(=2,T%) (Fy %t Eq. q-1 (=2t %)) (T)

tE o 2(—A,t%)
T p(A T
+ 1, T E g o(=1,TY) ¢,

— (Y + Eq 1 (=2uT ) (Fu % 1* 7 E gy 01 (=201 ™))(T)

(y + Ea (_/lnTa))'/’n

- /lnTa_lEa,a(_/lnTa) (Fn * ta_lEa,(t(_/lnta)) (T)

+ (Fux t* ' Eq o (=2,tY)) (2).

We then define the solution u(¢) of the original problem (1.1)—(1.2) by the formal series

(o)

u(t) = ) un(en,

n=1
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that is,
: @n
u([) ) Z1 [EQ ]( - TG)EQ 1( 4 ta/) +An T E(Z a( -A TQ)IEQZ( Ant )]W
+ ; [ - TEa,Z(_/lnTa)Ea/,l(_An[a) + (‘y + E(l,l(_/lnTa)) ZEQ,Q(—/lnta)] (;ﬂnTa)
= D |t CAT ) Ea (220 ) # AT B o (T ) E (=01
n=1
(Fn(l) * t(l_lEa,(x(_/lnla)) (T)
X
p(1,T) €n
"2, [TE"’Z(_J"TQ)EGJ(‘/W") = (¥ + Eq 1 (=2,T)) tEa,z(—Ant")]
n=1
(Fn(t) * ta_zEa,a—l(—ﬂnla))(T)
X
p(AnT®) €n
+ZFn(t)*ta’_1Ea,(t(_/lnta) e (33)
n=1

In the following, we rigorously prove that the above series converges in the space
C([0.71: D(A) N C([0. T H),
thereby justifying the term-by-term application of the operator A and the fractional derivative 9,*.
For g € C([0,T]; H) and ¢,y € H, we define the operators £;, 1 < j <5, by

[

(Plg)(t) = Z(gn * ta_lEa,a(_/lntd))(t) €n,

n=1

Pap = 3 [ Bt (AT Et (A1) + AT B (AT 1, (-2 i |y en
n=1
P3(t)¢ Z [ TE(Z 2( - TG)E(I 1( - t(t) + (7 + E(l 1( -4 Ta)) tE(z 2( —Ant )]% n»
(Pag) (1) := =P2(0) ((P18)(T)),
(Ps58) (1) := =P3(1) ((P1)(T)).
Then the solution u can be represented as
u(t) = (P1F)(1) + Pa(t)p + P3()y + (PaF) (1) + (PsF) (1), (3.4)

fort € (0,7).
We define the operator-valued function Y4 () by

YA(t)h = Z(h’ en) ta_lEa,a(_Antll)en,

n=1

forh e H.
The following result holds.
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Lemma3.1. Lety € (—c0, —1)U(0, 00) andT & A. If s € D(A'~" @) and F € L=(0,T; D(A'~ %)),
then there exists a constant C > 0 such that

lllcorrm < € (I8l sy + Wl oty + IFI e o rop i)
where C depends only on vy, a, and T.

Proof. By Lemma 2.1 and the definition of (£ F)(¢), as well as the generalized Minkowski in-
equality, we obtain

||(501F)(I)IIS/0 IYa(z = ) IF(s)ll ds

t
SC/ (t — )2 YF(s)| ds
0
a
< c—|Fllz=0,1:H)-
a

Moreover, by Lemma 2.1 and (2.10), the norm ||P>(¢)¢|| can be estimated as follows:

Papl < 2ctei2 3| AT LT
ROEL ST AT, re T 2
s 2a-1 ( a/)l (35)
A, T4 (A% e -1
2 4 -2 n n @ ,
e ; T+ 4,7 T+ A2 0
forall r € [0,T].
Applying
0
sup —~— =0%(1-6)"% for0<0<1, (3.6)
O<y<oo l+y
to (3.5), we obtain
IP2(Dell < c2llell t € 10,71, (3.7)

DA %)’

where we used the embedding D(Al‘i) C H for 1 < a < 2. Similarly, we obtain

193 (¢l < esliy i 1€[0,7].

DA &)’

Next, we estimate ||(P4F)(¢)|| using the same technique as in (3.5). From
(PaF) (1) = =Po(t)(P1F)(T),

we obtain

[ee)

I(PaF) DI < 2¢5¢F Y

n=1

A,T 1 T (T —s)@!
Fo(s)——F——
1+ 2, T21 + A,t@ Jy 1+ 2,(T -s5)”

+20622(a=1)
< ; 1+ 4,71+ 1,19 1+ 4,(T —s5)@

<2c5¢3 (/OT (; |Fn(s)|2)é(T — gy ds)
6.2 © 1 2
4 2‘;46‘ (@ — 152D (/OT (; Fa()P)’ ds)

2017112
< GIFN Lo 0.7:m)-

a a1 T Y "{;l 2
AT (Ant®)7 / £ (5) T =9 ds|

2
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A similar computation shows that

2

2 62N | AT 1 ’ 2

PsF)(1)|* <2 Fu(s)(T —5)"""d

PO 2606 Y [ R = as

+ 2T + An °F T —s)"""ds| ,
“a ; (7 1+/1nT“) Tx e fy I =9)Tds
and hence
F)()|* < 3|F|I? :
IPsEYOIP < SINFIE,
This completes the proof of Lemma 3.1. ]

3.2 Main result

Based on Lemma 3.1, we establish the existence, uniqueness, and regularity of solutions in the
following theorem.

Theorem 3.2. Lety € (—oo,—1) U (0,00) and T ¢ A.

(1) Let ¢, € D(Az‘é) and F € L*(0,T; D(Az_é)). Then the FVP (1.1)—(1.2) admits a unique
mild solution
u € C([0,T];D(A) N C'([0,T]; H)

such that 07u € C((0,T]; H). Moreover, there exist constants Cy, C1 > 0 such that
lulle o+ leqo.ri < Co(llelly s, 100 et FIF e o aty) B9

and, forall t > 0,

0 u ()|l < C [(f_a +1'7 ) (ll@llpay + Wlipay) + (1+1% + tl_a)”FHL""(O,T;D(A))]'
(2) Let ¢ € D(A), ¥ € D(A> %), and F € AC([0,T]; D(A>)). Then the FVP (1.1)~(1.2)
admits a unique mild solution
u € AC*([0,T]; H) N C([0,T]; D(A))
such that 07w € L*(0,T; H), and

3.9

10 ullz=o.7:0) < Co(Iellpiay + 101, o) IF e gmpae )

where Cy > 0 depends only on «, y, and T.

(3) Let ¢, € D(A) and F € C®*~1([0,T]; D(A)). Then, for the mild solution u given by (3.4),
we have, for every & > 0,

||Al/t||C0,a—l ([0,T]:H) + ||(9tau||co,a-| ([0,T];H)

1 1
< C3[HF”CO"’*‘([O,T];D(A)) + (W + m)(H‘P”D(A) +¥llpay + IFllcqoripian) |

where C3 > 0 is independent of ¢, Y, and F.



40 D. K. Durdiev and A. A. Rahmonov / Time-Fractional Diffusion-Wave Equation

Proof. We divide the proof of Theorem 3.2 into several steps.

In the first step, we assume that problem (1.1), (1.2) has a solution and show that this solution
is unique. The uniqueness of u depends on the uniqueness of the problem (2.1)—(2.2). Indeed,
suppose that we have two solutions u(¢) and u(¢), and set v(¢) = u;(t) — ua(¢). Then we have

0fv(t) + Av(t) =0, 0<t<T,
(3.10)
y(0) +v(T) =0, Vv(T)=0.
Set v, (1) = (v(1), e,,). It follows from (3.10) that, for any n € N,
O vn(t) = (07v(1), en) = —=(Av(1),e5) = =(v(1), Aey) = —Auvn(2),
and the final-time conditions imply
yvu(0) + v, (T) =0, v, (T)=0.
Therefore, we obtain the following FVP for v,,(¢):
02v,(t) + A,v,(t) =0, 0<t<T,
¢ vn(t) + davalt) / G.11)
Yn(0) +v,(T) =0, Vn(T) =0.

By our assumption, 7' ¢ A. Then, by (2.8), problem (3.11) has only the trivial solution. Therefore,
by Parseval’s identity, we obtain v(¢) = 0 on [0, T]. Hence, uniqueness is proved.

Furthermore, if
1

0 e D(AY %), yeD(A> W), FelL®0,T;D(A> %)),
then u € C([0,T]; D(A)), and the following limits hold:
im [lyu(t) +u(T =) = ¢llpa) =0, lm|lu’(T ~1) —y|| = 0. (3.12)
Indeed, by Lemma 2.1, we have
I1(PLF) (D) lpcay = IAPLF) (D)l

g.M.ineq. t
< / 1Ya(t - $)AF(s)lds
0
! 1
<c / (t = ) N E($) ooy ds
0
(04

t
< C;”F”L“’(O,T;D(A))- (3.13)

Similarly, from
1P2(D)ellp(a) = IAP2(D)ell,

and arguing as in the proof of (3.7), we obtain

0o /l T(l /l 2
2 4.2 L .
”PZ(Z)SD”D(A) <2cc Zl 1+4,T21 +/lnl‘a90n
"
4.2 n z
+26‘ Cl 1+/l Ta, ] +/l la/ln(pn
n=1 " "
[eS) > L
— 2y od —2p2a-1) N | (et 2-g
< 2c*c; ;Iﬂwnl +2ce T ; L+ Az "
< c2llel? r20. e

D(A* %)
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For ||P3(1)¢Ip(a), we have

2

(o)

12501 0y < 262D

n=1

/lnTa/+l /ln
1+ A4, TY1 + A,t%

1
1 (Apt¥) e -1
+ /l @
(7 1+/lnT“)1+/lntf’ n “¥n

Yn

(oo}
+ 20461_2T2“ Z

n=1

< c$||(,//||i)( t>0. (3.15)

AT &)

Next, we estimate ||(P4F)(7)||p(a) using the same arguments as in (3.14). By Lemma 2.1 and
(3.6), we obtain

[

P D20, < 26572

n=1

+ 206c1_2T2(“_1) Z
=1

2
A, T 1 T 1 1, (T — 5)®) %%
» /UFH(S)M DK
1+24,T% 1+ A,t% Jg 1+ 2,(T -5

1 a-1 2
1. T 11w T A (T = s)) &
1+ 2, T2 1+ 2,12 Jo 1+ 2,(T —s)@

1 2

2.M.ineq. 6 —2 Ly 1 ) 2
< 2c¢) / Z(ﬂ,‘; F,(s)°| ds
0 n=1

2c0¢72 - ri& ’
+ ! (af—l)4a4T2("_1)/ > (AnFu(s))?| ds
@ 0 n=1

< c%||F||2m(O’T;D(A,/Q)) + c§||F||im(0’T;D(A)), t>0. (3.16)

2

Similarly, one can show that

t>0. (3.17)

IPSFYOlpa) < eo[IFlL= .00 + I1F] oo rptn | 72

Combining (3.13)—(3.17), we obtain

lulipea < (Il o b, + W0 o) FIFl o rpe sy ) 1200 (I8)
Now, in order to prove the first limit in (3.12), we rewrite the expression yu(t) + u(T —t) — ¢ as
yu() + u(T 1) = ¢ = y[(PU)(0) + P2 + P00 + (PaF)0) + (PSF)()
+ (PiF)(T—1t)+PoT-t)p+P3(T —t)y

+ (PaF)(T = 1) + (PsF)(T = 1) = ) @nen. (3.19)

n=1

Using (3.3) and (3.18), we obtain

lyu(®) +u(T = 1) = ¢llp(a)

< cro(yl+ D (Il oty + W0 o)+ I o o ey ) * 191000

forallz > 0.
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Thus, the functional series in (3.19) is uniformly bounded in D(A) for all + > 0. Hence, we
may pass to the limit termwise as ¢ — 0, which yields the first limit in (3.12).
Now, we show that u € C'([0,T]; H). Indeed, by Lemma 2.3, we have

KH(PIF)D) = ) Fult) %1% Eq a1 (~Aat e,

n=1

and a combination of the generalized Minkowski inequality and Parseval’s identity yields

t [Se]
11 pS —-8)°" a,a-1\—Ap(l — 8§ n\S)én|lds
16,(PLF)(1)]] < /0 3 (0= )" Eaamt (<A (t = $) ) Fu(s)en d
n=1
T o L, (2112
(t _ s)(l
< F.(s)————— d
_./0 ;("(”lmm—sw '
a—1>
< I1FllL>0,7:H) - (3.20)
a-—1
Applying Lemma 2.3 once more, we obtain
_ N a-1 a a
BZ(PZ(I)SD) - Z [_/lnt E(l,(l(_/lnt )E(z,l(_AnT )
n=1
+ /lan_lEa (t(_/lnTa)Ea/ 1(_/lnta) Len-
’ ’ p(AnT®)
Then, by virtue of (2.10) and (3.6), we obtain
10: P2 = || = 20t B (At VE 1 (<4 T)
n=1
0 2
# AT B o (AT ) By (=4t | s
4N AT (Aa1®) i 2
<2c%cy = A8
“4 ; (1+ 2,792\ 142,19 n Pn
© 22 127201 \?
+2 4 -2 n n 2'
“4 ; (1+ 1,19)2 (1 +/lnT‘¥) Pn
By (2.12) and the embedding D(A) C D(Aé) for 1 < a < 2, we obtain
10:(P2(D) )l < cuillellp(a)- (3.21)
Similarly, we have
10: (P (D))l < crall¥llpay- (3.22)

Furthermore, by defining 4 F (¢) and using Lemma 2.3, we have

01 (P4F) (1) = =0, (P2(t) (P1F)(T))
) ; ﬁ [Ea’l(_A"Ta) ta_lE(t,a(_Anta) - Ta_lEa,a(_/lnTa)Ea,l (_/lnta)]

X (Fu0) %177 0 (=20t) ) (T) e
=10 F (1) + 112F(1).
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Then, similarly to (3.15), we get

IIInF(t)II2

00 T 2

=), u Ty Eant AT 1 B (=2t ) / Fu()(T = $)* " Eq.0(=u(T - 5)%) ds

n=1 0

2
©0 /12T2a (/l t )"al T (/1 (T—S)a)é
< 6,.-2 n / F, n T_5224
s Zf (L+ 4,70\ 1+ 2,27 | | Jo (S)1+/1,,(T—s)a( $)" " ds
1 4 T [ > 1/2 2
< c(’c_z(a — 1)% (—) / F(s,-),en 2 (T - S)a—z ds
i <) 1) Zl ( )

= c%3”F”%°°(O,T;H)‘ (3.23)

Similarly, we have

I Z12F(t, )| < c1all F| (3.24)

L=(0.T:D(A%))’

Once more, using Lemma 2.3, we get
9 (PsF)(t) = =0, (P3(1)F(T))
(o] /ln
= Z Ty o [TE(I,Z(_AnTa) ta_lE(t,a(_Anta) + (7 + Ea,l (_/lnTa))Ea,l (_/lnta)
 p(A,T)

X (F,,(r) * 1" 2Eq o1 (—/lnr"))|r:T en
= I13F (1) + D14F(1).

Then, similarly to (3.17), we obtain

[ee)

A,T
1T F @17 =

mEa,z(—/lnTQ)fa_lEa,a(—/lnl‘a)
1 n

T 2
x / Fo()(T = )" 2E .01 (=An (T = 5)®)ds
0

A4T20+2 t2(af 1) T T — a-2
| B s
1+2,(T —s5)*

-2
<
e, Z (1 + 4, T2 (1 + 4,1)2

ol r (e 12 2
2a-2 1 L
< AT (a - 1) (5) / (§ um(s>>2) (T — 5)*~2ds
0 n=1

< 3.25
NI ot (3:25)

Arguing as in (3.25), we obtain for 114F (¢) that

1Z14F ()| < ci6llFllz=(0,7:D(A))- (3.26)

It follows from (3.13)—(3.17) and (3.20)—(3.26) that u € C'([0,T]; H). Moreover, the second
limit in (3.12) follows analogously. Consequently, inequality (3.8) is a direct consequence of (3.18)
and (3.20)—(3.26).
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Furthermore, assuming that ¢, € D(A) and F € L*(0,T; D(A)), we obtain, for all > 0,

A < ei (7 + 17} (lellpea + 19l + ¢y (1417 +07) IFlLmo.:p ).
(3.27)
In addition, using (1.1) together with (3.27), we obtain, for all # > 0,

10w < c17 (7 +177) (Iglipa) + W lncay) +ers (1+ 17+ ) IFlLmo.z:p0a)-

In the following, we improve the regularity of the solution u so that d,*u is well defined in the
sense of the Caputo fractional derivative.
By Lemma 2.2, we have (P F)(t) € AC([0,T]; H) and

(&9

az‘a(PlF)(l‘) = Z (Fn(t) _ﬂnAt Fy(s)(t - S)a_lEa,a(_An(t - S)a) ds) €n

n=1

(3.28)
=F(t) — A(P1F)(1).

It follows from (3.28) and (3.13) that 02 (P F) € C([0,T]; H).
Next, by Lemma 2.3, the second derivative of ()¢ is given by

0 (P2(009) = Y | = At Earsamt (~at ™) Ea 1 (~A0T)

n=1

- ﬂiTa_lE(l,a(_ﬂnTa)ta_lEa,a(_/lnta)] [ﬁen
Using (2.10), (2.12), and Parseval’s identity, we obtain

) 2

22
T+ ,021+2,Te %"

||3;t(7)2(t)g0)||2 <2t cy Z

2

[ee)

t(z—l 1 Ta—l
+2c4c72 n 2
. ; T+ 4,00 1+2,Ta %"

2@l

< c2gr?la=2) el 4y + €20t (3.29)

D(A)"

Since 1 < a < 2, it follows that
0 (P2(1)g) € L'(0.T; H),  Pa(t)g € AC*([0,T]; H).

From Lemma 2.3, we know that the second derivative of P ()i satisfies

0 (P3O0) = 3" A TEa2(=AnT) 17 E g 01 (~A01)

n=1

_Yn

= (7 + Ean (AT )1 Ea.a (At ) | s en

Then, by Lemma 2.1 and (3.6), we obtain

10 (P3O < et Wl (ay + crot* Nl (3.30)

D(A> @)

Since 1 < a < 2, it follows that

O (P3(H)y) € L'(0,T; H), P3(t)y € AC*([0,T]; H).
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Furthermore, for the second derivative of (P4F)(t), we obtain

01t (P4F)(t) = Z W [Ea,l(_/lnTa)ta ?Ea.a-1(=Ant%)
n=1 n

+ AnT(l—lEa,a(_/lnTa)ta_lEa,a(_/lntd)
x (F,,(t) * t“—lEa,a(—anta))(T)en
= 115F(t) + Li6F(1).

Then, similarly to (3.15), we obtain

[ee)

15sF@)I2 =)
n=1
T
x / Fu($)(T = )% Eay o (~An(T = )%) ds
0

© /12T2“ taf—2 2 T (T _ S)(z—l
< 6.2 n / L E (L=
= ;(1+/lnT")2 Tr ) |fy Anfn(s) g
12 2

1+ 2,(T-s5)*
T o0
< cSep?r?a?) / (Z(AF(S), en)z) (T —s5)*ds
0 n=1

Ea (=, Tt 2Eq a-1(=2,t%)

_ M
p(A,T?)
2

2

< G P NFl w0 1) (3.31)

Similarly, we obtain

I Zi6F (D)l < c23t* 2 |IFllz=(0.7:D(a))- (3.32)
Since 1 < a < 2, it follows that
O (PaF (1)) € L'(0,T; H), P4F(1) € AC*([0,T); H).
Further, by Lemma 2.3, we obtain

> A
0t (PsF)(1) = = ) ———|TEq2(~2,T*)t" *Eq,q-1(~A1%)
;p(ﬂnT )[

~ (7 + Bt (AT )17 B (=10t |
X (Fn(r) * ra_zEa,a—l(_/lnra))(T)en
= Ty F (1) + TigF (1),
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Then

(o)

CUCIEDY L

WTEQZ( =, Tt zEaa 1(=Ant”)

T 2
X / Fu(s)(T = )" 2E .01 (=An (T = 5)7) ds
0

00 _ 2 _
6 —ZZ /12T2a/+2 ta 2 /vT/1 . (S) (T—S)a 2 Js
(L+ 4, T2\ 1+ 2,t2) |Jo " "1+ 2,(T - 5)@

12
T (o]
<c C12 2(a=2) '/0 (Z(AF(S),en)z) (T - )2 ds
n=1

< 6%4 2(@-2) “F”i‘”(O,T;D(A))‘ (3.33)

2

Similarly to (3.33), we obtain

| ZisF ()| < coat® 2 ||F| (3.34)

Lo(0,T;D(A> &))"
Since 1 < a < 2, it follows that
Oi (PsF (1)) € L'(0,T; H), PsF(1) € AC*([0,T]; H).
Combining (3.28)—(3.34) together with (1.1), we obtain
07 u(t) = —Au(t) + F(t) € L*(0,T; H).

Therefore, u € AC?([0,T]; H), and estimate (3.9) follows directly.
We now prove that u € C%2~1([0,T]; H). Let0 <t <t+ h <T. Then
u(t+h) —u(®) = [(PLF)(t +h) = (PIF)(D)] + [Pat + h)p - Po(1) ]
+ [Ps(t + Wy = P3| + [(PaF) (2 + h) = (P4F)(1)]
+ [(PsF) (1 + h) = (PsF)(1)]
=L+L+13+14+1s.

Using the differentiation identities

az‘Ea,l(_/lnta) = _/lnta_lEa,a(_/lnta), 61‘ (ta_lEa,(t(_/lnta)) = ta_zE(z,a—l(_/lnta),

we obtain
2[/ Fu(s)(t+h=9$)"""Eq.a(=2,(t + h = 5)?) ds|e,

il / F(S)((Hh—S)“ 'E g o(=An(t + h = 5)9)

= (1= 9)" Equa(=An(t = 5)))ds e
i[/ Fa(s)(t + = )7 Eq o (—An(t 4 h— 5)%) ds |

€n

0 t+h-s
Z / / F,(s)T9” ZEQ(, 1(=, 7% dr ds
-1

= I]l +112. (335)
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We now establish estimates for I, j = 1,2, and show thatI; — O as & — 0.

By Lemma 2.1 and (3.6), we obtain

[

IMOIARELDY

n=1

1+2,(t+h—s5)2

2a-2

1/2
2%/ (Z WF(S)) (t+h—s5)""2ds

n=1
< CZﬁ”FHZ p2la=1)
2 C([0.T]:D (A %))
This yields
L1 ()lpay < 025||F||C([0,T];D(Al_(17)) he !
where ¢y5 = M

Next, we estimate the term I};. Using Lemma 2.1, we obtain

t t+h—-s
AnFy(s) (/ a2 dr) ds
0 t—s

2
L2 ()1 ) <

For 0 < 5 < ¢, we have
t+h-s 1
/ 9 dr = —— [(t+h—s)“_l—(t—s)"_l] )
t-s a-1
We note that the estimate

(t+h—-95""= (-5 <po!

follows from the concavity of the function f(r) = ¢* with 0 < k < 1, namely,

ft) = f) < f(t1—t), 0<t<t.

Therefore, we deduce

2

t
A, F,(s)ds| h*@72,
0

||112(t) ”%)(A) < (

which implies
L2 ()b cay < casllFlle(o.r):piay B!

Furthermore, we have

$n

IZ_Z[E(II( A Ta)( arl( /l (l+h)a) Eal( -1 [a))]m

n=1

e 3 T B (AT (4 ) Ea s+ 1)) = (=)

n=1

=: 121 + 122.

/ PP APl DL P

2

2

Yn

p(A,T%) "

47
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To estimate I;, we use Lemmas 2.1 and 2.3. We obtain

t+h
|Ea/,1 (_/ln(t + h)a) - Ea,l (_/lnta)| = / /lnTa_lEa,a(_/lnTa) dr
t

t+h c t+h
< At —— dr<ec r~ldr.
‘ 1+ A,7¢ P

Then, for 6 <t < T, we have
2

[ee)

21 (1)1 4 < Pe72 )

n=1
AN

< czcl_2 (ln (1 + ?)) Z/l%lgpfl
n=1

< Czcl_zgll‘/’”%)(f;)

h
1+ ,Te7" J,

2(a-1)
< 0%7 (5) ”SDHZD(A)-

Here we have used Lemma 2.4.
We now estimate I»;. Using Lemmas 2.1 and 2.3, we obtain

/lsza_] t+h
m% /t Eq,1(=Ans®) ds

t+h
/ s~ Yds
t

(t+h)o !l —¢a-l
(t+ h)yTra-1

2

o0

o2 (1)1 0y < Pei? )

n=1

< c4cl—2T2(a—l) Z 90%
n=1

4 .-2
CC1

= a-1)y

2

2

2= llell>.

We note that

(t+h)@ -t < gt
and, foro <r<T,

(l + h)(t—lt(t—l > 52(1—2'

Hence, we obtain
a—1

IL2())lIpa) < Czsmlhﬁll-

Similarly to (3.36)—(3.38), we obtain the following estimate for I5:

a-1 a-1

I(7, )lpa) < 029F||¢|| + C3om||lﬁ||D(A)-

We now estimate I4. We write
L= = 3 |Eat (AT (Eat (2t + 1)) = a1 (=20™)
n=1

+ /lnTa_lEa,a(_/lnTa)((t + h)Ea,Z(_ﬂn(t + h)a) - tEa,Z(_ﬂnta))]
(Fn(t) * t(t—]Ea,a(_/lnta))(T)
X
p(A,T%)

n

= 141 + I42.

(3.36)

(3.37)

(3.38)

(3.39)
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For I4;, we have

, BAam) & 2

a1 (D117, a) < €35 50575 Z

A, T T 1 (T = 5)®) s
L / /l:l "Fn(s)—( n( $)%) (T—s)"_zds
1+ 4,7 J, 1+ ,(T —s)@

2

2a-2 _ T 0 ]/2
2 (CZ - 1) a hZ(a 1) 1‘% ) B -
ST g | ;(ln Fa(s)*| (T—s)""ds

2(a-1)

< 2 2 )
< gt o riowty)
Similarly, we obtain

a—1

a2 (D) llp(a) < 32 IFllc(o,r1:pA))-

62(1—2

Indeed, applying Lemmas 2.1 and 2.3, together with the generalized Minkowski integral in-
equality and (3.38), we obtain

/lnTa_lEa,a(_ﬂnTa)
p(A,T?) t

Eo1(—AnsY) ds

2 (1)1 0y = > A2
n=1

T 2
X / Fa()(T = 1) o o(~An(T = 1)) diy
0

0 ) /l%lT(x—l . t+h 1
< b2 N L) T -
4 ; 1+ 4,72 " /t T+ 1,50
T -1 2
(T -m*«
x [ Fpy———1__ 4
/0 )T T n

(>

!

=1

2

LT 1/ -“ds/OTFM)(T— nedn

t+h 2 T [ o 1/2 2
< cSep?r?eh (/ s ds) / (Z(/lnFn(n))z) (T — ) dn
t 0 n=1
6,.-2 -
e e 1T ,
~ (a(a-1))2 54(a-1) C([0,T1;D(A))
and we can prove
a-1 a-1

WsOlipca) < ess o= IFllcqoripa) + ez IFlicqorip@)-
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Now we complete the proof of Theorem 3.2 (3). By Lemmas 2.2 and 2.3, we have

atau(t) = Z Fu(t)e, — Z/lnFn(t) *ta_lEa,(x(_/lnta)en

n= n=1

|
DM ™
?

[t ATV B (A + AT Ear TN E 2 (i) |~ s

n=1

= > da| - TEqa(-AaT ™) Eq i (=Aat®) + (y + Eq 1 (~AuT)1Eq2(~1 IQ)] ST
n=1 i

4 Z/ln >Ea,1(—ﬂnTa)Ea’1(_/lnta) + /lnT(l—lEa’a(—ﬂnTa)fEa/,Z(_/lnta):l
n=1 i

(F (1) % 1 VEq o (=2,1%))(T)
p(1,T) o

= 3 | TEan (AT ") Ea 1 (=01™) = (7 + Ea 1 (~AaT D1E 5 (=1t

n=1

v (Fn(t) * t(l_zEa/,a—l (_/lnt(l)) (T)
p(AnT®)

Then
O%u(t +h) — 9%u(r) = F(r + h) — F(1) - [(PlAF)(t +h) - (PlAF)(t)]
= [®a+ M) - (P204g) | - | (P30 + WAY) - (P30 AY) |
+ | PR @+ 1) = (P1AF) ()| = |(PsAF) (1 + ) - (PsAF) ()|
=lg—I7 —Ig—Io + Ijg - Ii;. (3.40)

Now, we establish estimates for I; (j = 6, ..., 11) and show that I tends to 0 as & — 0.

The following estimate is obtained easily:

I1F(+h) - FQ)]
ha-1

||I6(t)|| = h(l—l S [F]CO,afl([o’T];H) h(l—l.

By (3.35), the second term in (3.40) can be written as follows:

t+h
/ Fn(s)(t+h—s)a_lEa,a(—/ln(t+h—s)a) ds]en

s t t+h-s
+ Z An / / Fn(S)Ta_ZE(,,(,_1 (=2, 7% dt ds
n:I 0 t—s

We observe that the last equality differs from (3.35) only by the presence of the factor 4,,.
Therefore, we obtain

en.

IOl < s (IFll.,, +IFlcqornan) b

c([0,T]; D(A‘-a))

Similarly to (3.37) and (3.38), we have

||Is<r>||Sc36( lellpca) + yazngon)h“

(')‘al
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Further, by (3.39), we obtain

1 -
m“l//“) he L,

()] < e ( Wlpa +

6(1—1

Similarly, we obtain

1 1 a-1
()l < 38 (F”F”C([O’T];D(AI—(L)) + W”FHC([O,T];H)) h

and

1 1 _
p IFllc(ro,m1:p(A)) + WHF”C([O,T];D(A))) h!

Thus, the proof of Theorem 3.2 is complete. O

L1 (D] < 30 (

Corollary 3.3. Lety € (—co,—1) U (0,00) and T ¢ A. Let ¢,y € D(A) and F = 0. Then, there
exists a constant C4 > 0 such that u € C*((0,T]; H) and

m C
10l < (el + 191 + (el + Wlbea)). 1> 0, me.

The proof is a direct consequence of (3.4) and Lemma 2.3.

4 Conclusion

This paper investigates a nonlocal initial-boundary value problem for an abstract time-fractional
wave equation involving an unbounded, positive, self-adjoint operator on a Hilbert space. The exis-
tence of a mild solution is established via the eigenfunction decomposition method. By expanding
the solution in terms of the operator’s eigenfunctions, the problem is reduced to a system of or-
dinary fractional differential equations with nonlocal conditions, whose solutions are expressed
using the Mittag—Lefller function. An analysis of the zeros of the denominator determines the ad-
missible interval of definition, excluding the right endpoint. The mild solution is represented as
a series expansion in the eigenfunctions of the abstract operator, and estimation techniques in the
associated Hilbert spaces are employed to prove existence, uniqueness, and regularity.

An open problem remains regarding the behavior of solutions for certain values of the parameter
v, namely y € [—1,0). As noted in Remark 2.7, in these cases, there is currently no available
information on an upper bound for the largest zero 1. This lack of control presents significant
analytical difficulties in deriving uniform estimates or obtaining further spectral bounds, and it
therefore represents a promising direction for future research.

In addition, we briefly mention the open inverse source problems for (1.1)—(1.2) under different
overdetermination conditions, which merit further investigation.
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