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Abstract. In this paper, we establish, among other results, thatif f, g : [a, b] — C are absolutely continuous
functions satisfying f(a) = 0 and g(b) = 0, then

b b b
[ 1r@sonde< 30-02 [ (15 @F 418 0F) a3 [ (0=a? 1 OF + 6 =17 18 0)F) d,

provided that the integrals on the right-hand side are finite. In particular, if f(a) = f(b) = 0, then the
following sharp inequality holds:

b b
[ rropars [C@-ne-alroba.
a a
We also derive several trapezoid-type and Griiss-type inequalities.
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1 Introduction

We recall the following Opial-type inequalities.

Theorem 1.1. Let u: [a,b] C R — R be an absolutely continuous function on the interval [a, b]
such that u’ € Ly|a, b].

@) Ifu(a) = u(b) =0, then
b b
/a lu(2) u’ (1)| dt < %(b—a)/a lu’ (1)|? dt, (1.1)

with equality if and only if
a+b

c(t—a), a<t<
u(t) =
c(b-1),

<t<hb,

where c is an arbitrary constant.


https://jaaa-journal.org
mailto:sever.dragomir@vu.edu.au

2 S. S. Dragomir / Some New Opial-Like Inequalities

(ii) Ifu(a) =0, then
b 1 b
/ lu(t) u’ (2)| dr < i(b - a)/ lu’ (1) dt, (1.2)
with equality if and only if u(t) = c(t — a) for some constant c.

Inequality (1.1) was proved by Olech [7], who provided a simplified proof of an inequality
originally due, in a slightly less general form, to Zdzistaw Opial [8].

Olech’s argument also contains the half-interval version of Opial’s inequality, which was
independently obtained by Beesack [1] and applies to functions u that vanish only at a. For further
proofs and related developments, see [3—6] and [9].

In the recent paper [2], we established the following two-function versions of the Opial-type
inequalities stated above.

Theorem 1.2. Let f,g: [a,b] — C be absolutely continuous on [a, b] and assume that f’,g’ €
L>[a,b].

1) Ifg(a) =0, then

b b 1/2 b
/ |f'(z>g<r)}dzs( / <z—a>|f'<r>|2dz) ( / (b—z)|g’(r)|2dz)
b b
/(t—a)|f'(t)|2dt+/ (b—t)|g'(t)|2dt}.

12

1
< =
2

(i) Ifg(b) =0, then

b b 1/2 b
I |f'<r>g(z>fdrs( i <b—t>|f'<r>|2dr) ( i <r—a>|g'<r>|2dt)

b b
/ (b-1) |f’(t)|2dt+/ (t —a) g'(t)|2dt}.
(iii) Ifg(a) = g(b) =0, then
a+b B

b b 1/2 b
/alf’(t)g(ﬂldtS(/a K(t)|f’(t)|2dt) (/a .

b b b
;/al((t)|f’(t)|2dt+/a ‘%—t

12

1
S_
2

12
t |g’(t)|2 dt)

S_

g’ (1) dt] :

where
a+b

We have the following refinement of the Opial inequalities (1.1) and (1.2).

Corollary 1.3. Let f: [a,b] — C be absolutely continuous on [a,b] and assume that ' €
Ly[a,b].

() If either f(a) =0or f(b) =0, then

b b 1/2 b
/If’(t)f(t)ldtS(/ (i - a) f’(t)lzdt) (/ (b-1)

b
(b—a)/ IF @ dr.

1/2
Fof dr)

<

N =
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(i) If f(a) = f(b) = 0, then

12, b
/If(z)f(r)ldt<( K(f)|f'(t)|2dt) (/
<j0-a [lrofa

a+b

-1

12
|7 (t)| dt)

2 Main Results

Letw : [a,b] — [0, c0) be a measurable weight. We define the weighted space
b
Ly wla,b] := {h : [a, b] — C measurable : / w(t) |h(2))? dt < oo} .
a
We consider the positive weight function
1 b+t
wa(t;a,b) := 5[(b —a)? - (t-a)*| = (-1 ( ) , t € [a,b].

Theorem 2.1. Let f,g: [a, b] — C be absolutely continuous. Assume that

fla)=g(a) =0,  [f'.¢" € Law,[a,b].

Then
12

b b 1/2 b
/|f(t)g(t)|dts(/ wa(t;a,b)|f’(t)|2dt) (/ wa(t;a,b)|g’(t)|2dt) @.1)

<5/ Cwatsas) (|7 @f + g 0F) ar

Moreover, both inequalities in (2.1) are sharp.

Proof. Since f(a) = g(a) = 0and f, g are absolutely continuous on [a, b], we have

f() = /lf'(s) ds and g(t) = /lg’(s) ds forallt € [a,b].

’ /atf'(s)ds /atg’(s)ds dt

b t
=/ (r—a)(z—ar“z/ F/(s) ds

t
/ g’ (s)ds| dt
a
Denote the last integral by A.
By the Cauchy—Bunyakovsky—Schwarz inequality, for every ¢ € [a, b],

t t 1/2
[ s s( i |f’<s>|2ds) L )P / ¢'(s) ds| <
b t 1/2 t 1/2
As/ (t—a)(/ |f’(s)|2ds) (/ |g’(s)|2ds) dt.

Hence

b
/ £ (D)) di =

a

(t—a)~'? (2.2)

(t-a)~'?

12
(/ % <s>|2ds) .

Therefore,
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Applying again the Cauchy—Bunyakovsky—Schwarz inequality, we obtain

b t 1/2 b ¢ 1/2
/(t—a)(/ |f'(s)|2ds) dt] [/ (t—a)(/ |g’(s)|2ds) dt} ) (2.3)

Denote the right-hand side of (2.3) by B.
Using integration by parts, we compute

/ah(z—a>(/at|f’(s)|2ds) dr=/ (/ 1 (9)Pd ) (“ “)2)

a)2|’” —a)?
(/ |f<s>|2ds)” ) /“ PP di

Y
Sy L) / If()ld—/( PO

A<

2
b _ 2 _a2
:/ [(b > ) (t ) ]|f (t)lzdt

b
_ / waltsa, b) |f/ (1) dt,

and similarly,

b t b
/ (t—a) ( / |g'(s)|2ds) dt = / walta,b) g (O dt.

Consequently,
b 1/2 1/2
Bs(/ wa(z;a,b)lf’(t)lzdt) (/ wa(tia,b)1g' (O dt| . (2.4)

a

Combining (2.2)—(2.4) yields the first inequality in (2.1). The second inequality in (2.1) follows
from the arithmetic mean—geometric mean inequality,

V<L apso 2.5)

To show sharpness, take f(¢) = g(¢) =t — a. Then

/a "\ F e dr = / (- aPdi = Lo-ay

and, since f’(¢) = g’(¢) = 1,

l/abwa(r;a,b)(|f'(z)|2+|g'(z)|2) dt:/abwa(t;a,b)dt

2
b
:%/a [(b-a)* - (t-a)?]dt
_ 1 2 (b-a)| 1. 4
—E[(b—a) (b—a) - 3 —3(b a)’.

Thus equality holds throughout (2.1), which proves that both inequalities are sharp. O
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Remark 2.2. Assume that f’ is absolutely continuous on [a,b]. If f(a) = f’(a) = 0 and
f's [ € Law,|a, b], then

1/2

b b 1/2 b
I If(t)f’(t)ldtS( I wa(t;a,b)|f’(t)|2dt) ( [ watanrof a

1 rb
Si./a wa(t;a,b)(

The inequality follows from (2.1) by taking g = f”.

£+l f) d.

Corollary 2.3. Let f: [a, b] — C be absolutely continuous. Assume that

f((l):O, f,ELZ,Wu[a’b]'
Then b b
/ IF () dr < / wa(t:a,b) |/ (1) dt. (2.6)

a

Moreover, the inequality in (2.6) is sharp.

Now consider the dual weight function

t € [a,b].

wy(t:a.b) = 1 [(b @) = (-] = (1 -a) (b~ 427,

2

Theorem 2.4. Let f,g: [a,b] — C be absolutely continuous. Assume that

f(b)=g(b) =0,  f', 8" €Law,la.bl.

Then

12

b b 1/2 b
/|f(t)g(t)|dt§(/ wb(t;a,b)|f’(t)|2dt) (/ Wb(z;a,b)lg’(t)|2dz 2.7

b
< %/a wi(t:a,0) (£ 0 + | 0 dr.

Moreover, the inequalities in (2.7) are sharp.

Proof. Since f(b) = g(b) = 0 and f, g are absolutely continuous on [a, b], we have

b b
f(t) = —/ f'(s)ds and g(t) = —/ g'(s)ds, te€]a,b].
Hence

/ab|f<r>g<z>|dz=/ab /lbf’(S)ds [bg'<s>ds

b b
=/ (b—z)(b—r)-“z/ F/(s) ds

b
[ gwas
t
Denote the last integral by C.
By the Cauchy—Bunyakovsky—Schwarz inequality, for every ¢ € [a, b],

b b 1/2 b
/ f’(s)dss( / |f’<s>|2ds) L e / ¢'(s) ds

dt

(b—1)7'2 dt. (2.8

(b_t)—l/Z

b 1/2
< (/ |g'(s)|2ds) .
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Therefore,
1/2

b b 1/2 b
CS/ (b—t)(/t |f’(s)|2ds) (/t |g'(s)|2ds) dt.

Applying the Cauchy—Bunyakovsky—Schwarz inequality again, we obtain
1/2

b b 1/2 b b
/(b—t)(/ |f’(s)|2ds) a’t} [/ (b—t)(/ |g'(s)|2ds) dt} . (2.9)

Denote the right-hand side of (2.9) by D
Using integration by parts, we compute

'/“b(b - (/zb r@F ds) ar= _/ab (/tb |f'(S)|2ds) d((b ;t)z)

b 21t _ 2
=—( / If’(s)lzds) (b9 / G o

2 b
- [Cirepes / 0y Z 1w ar

b 2 a2
- [ )]If(t)lzdt

b
_ / wo(t:a,b) | (1) d,

b b b
/ <b—t>( / |g'<s>|2ds) dr = / wo (12, b) g’ (1) dr.

1/2

b 1/2 b
Ds(/ wb(t;a,b)lf’(t)|2dt) (/ wp(t;a,b) g’ (0)>dt] . (2.10)

C<

and similarly,

Consequently,

Combining (2.8)—(2.10) yields the first inequality in (2.7). The second inequality in (2.7) follows
from the arithmetic mean—geometric mean inequality (2.5).

To show sharpness, take f(z) = g(t) = b — ¢t for t € [a, b]. Then equality holds throughout
.7). O

Remark 2.5. Assume that f’ is absolutely continuous on [a,b]. If f(b) = f'(b) = 0 and
f's f" €Ly, la,b], then

1/2

b b 1/2 b
[ o o< ([ wb<z;a,b>|f'<z>|2dr) ( [ wtanlsop a
b
< %/a wa(t;a, b) (|f’(t)|2+|f”(t)|2) di

Corollary 2.6. Let f: [a, b] — C be absolutely continuous. Assume that

f(b):O’ f,ELZ,wh[a7b]'
Then b b
/ lF ) dr < / wy(1a,0) £/ (0 dt. @.11)

Moreover, the inequality in (2.11) is sharp.
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We also have the following result.

Theorem 2.7. Let f,g: [a,b] — C be absolutely continuous. Assume that

fla)=g(b)=0,  f'€Lyw,la bl g €Lrw,labl

Then

b b
[ lrogwlar < ( [ wattsaun)
1
4

o [ 1r@f +lg@P)

12

1/2 b
rof dt) ( / wp(1;a,b) |¢' (D[} dt) (2.12)

IA

1

b
-3 | (a=a?lrof + -0 of ) ar

Moreover, the inequalities in (2.12) are sharp.

Proof. Since f(a) =0and g(b) =0, and f, g are absolutely continuous on [a, b], we have

t b
f(t):/ f'(s)ds and g(t):—/ g'(s)ds, te€la,b].

Therefore,

/ab|f<r)g<z>|dz=/ab /atf’(s)ds /zbg%s)ds

b
= / (t-a)(b-0)'1(t-a)'/?

dt

(b—1)""? dr.

[b g'(s)ds

t
[ s
a
Denote the last integral by E.
By the Cauchy—Bunyakovsky—Schwarz inequality, for every ¢ € [a, b],

t t 1/2 b b 1/2
/ f’(s)dss( / |f’<s>|2ds) L (b / g'(s)dss( / |g'<s>|2ds) .

1/2

b t 1/2 b
E< / (r—a>1/2<b—r>1/2( / |f'(s>|2ds) ( / |g'<s>|2ds) dr
b t 12 b 12
- / [(r—a)l/z( / |f'<s>|2ds) (b—r)”z( / |g'<s>|2ds)

Applying the Cauchy—Bunyakovsky—Schwarz inequality again, we obtain

b t 1/2 b b
Es(/ (t—a)/ |f’(s)|2dsdt) (/ (b—t)/ |g’(s)|2dsdt)

By the computations in the proofs of Theorems 2.1 and 2.4, we have

(t_a)—l/Z

Hence,

dt.

12

b t b
/ (- a) / () ds di = / walta,b) |1 (O dr
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and
b b b
/ (b-1) / 1 () ds di = / wo(tsa,b) ¢’ (O] dr.

Thus,
1/2

b b 1/2 b
/ If(t)g(t)ldtS( / Wu(t;a,b)lf’(l)lzdt) ( / wo(t:a.b) [ O dr]

which proves the first inequality in (2.12).
Using (2.5), we obtain

b b
(/ wa(t;a,b)lf’(t)|2dt) (/ Wb(t;a,b)lg’(t)lzdt)

b b
S%[-/a wa(t;a,b)lf'(f)|2d’+/a wy(t:a,b) Igl(t)|2dt]

1/2 1/2

1 2 b 2 2 1 b 2 2 2 2
—0-a? [ (i OP+ e OP) ar- g [ (- @Pr 0P + -0 OF) ar
which proves the second inequality in (2.12). O

Remark 2.8. Assume that f”’ is absolutely continuous on [a,b]. If f(a) = 0, f'(b) = 0,
f €Ly, la,b],and f’ € Ly, [a, b], then

b b 1/2 b 1/2
[lrorwlas ( [ watsanlrof dr) ( [ wtan]rof dr)
1 b
<q-? [ (i7@f + | @F) ar
b
-1 | (@=arlr@f + -0l of ) ar.
Corollary 2.9. Let f: [a, b] — C be absolutely continuous. Assume that
f@)=f(b)=0,  f €Lw,la.b]NLyw,la bl
Then
b b 1/2 b 1/2
/ lF@f ar < (/ wa(t;a, b) |f’(t)|2dt) (/ w(t:a,b) |/ (1) dt) (2.13)

bl a+b\|, .,
s/a [Zw—a)z—(r— . H|f(t)|2dt

b
_ / (b -0t - a)|f () dr.

Moreover, the inequalities in (2.13) are sharp.

Proof. From (2.12) with g = f we obtain
b b 1/2 b
/ £ di < ( / wa(tsa, b) If’(t)lzdt) ( / wo(t:a, ) |f/ (1) di

b b
5= [C1roPa-3 [Cla-a+ G- 0P

12
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Since
(t—a)’+(-n>_1
2 4

2
(b—a)2+(t—a+b) ,

we have
1t ) ) ) bl ) a+b)’ >
3 [ le-@rro-liropa- [ [Z(b—m +[-%57) Lf’(rn dr

b b 2
—q0-ar [Ciropas [C(i-52) 1wk

Therefore,

b b
s0=a? [1rora-3 [e-at+ o-0liropa

b 2
=/ [%(b—a)z—(r—a;b) }If’(t)lzdr,

which proves the second inequality in (2.13).
To show sharpness, consider

f@)y=(t—-a)b-1), t € la,b].
Then f'(t) =a+ b —2tfort € (a,b), and

b b
1
/ Lf (1)) dt = / (t—a)’(b-1)?>dt = —(b - a)’.
a a 30
Moreover, since a + b — 2t = -2 (t - %b), we obtain

a+b
2

b ’ 2 b ? 1 5
/a(b—t)(t—a)|f(t)| dt:4/a (b—t)(t—a)(t— ) dt:%(b—a).

Thus equality holds in (2.13), and the inequalities in (2.13) are sharp. O

Theorem 2.10. Let f,g: [a, b] — C be absolutely continuous. Assume that

f(a) =g(a) = f(b) =g(b) =0, f's 8" € Ly, la, bl N Ly, [a, b].

Then b b
/a |7 (1) g(1)] dr < Z/a L(t;a,b) (|f’(;)|2+|g'(t)|2) dt,
where
1 (t —a)?, te[a,a+b ,
Lt;a,b) = ~(b—a)’ - 2 (2.14)
4 (b —1), te(a;b,b}

Proof. From (2.1) we obtain

a+ a+b

[ lrosolars 5 [ w50 552 (15O + 1 0F)

2
:}l/a (a+b—a) —(t—a)’

a+b
2

. (IFr @R +1g0P) dr. @15)
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Similarly, from (2.7) we have

b b
/M,Jf(t)g(t)ldt < %/, Wb(t; #,b) (IF 0P +1g' (1)) ar

1 [ a+b\’ s
:Z‘/a;bl(b— . )—(b—t)

Adding (2.15) and (2.16), we obtain

(I WP +1gP) dr. @16)

b
/ F(0g(n) di

3 [ - - ot seor)
b
* % / [;ﬁb —a)? = (b~ t)z] (17 P +1g (1)) ar

- go-a” [ = (i or +1gor) ars gb-a /b (17 @F + 15/ F) dr

a+b

<2 b
3 [ e (rOP e OF) - [ =07 (1 OF +18 OF) ar

4 a+b
2

Therefore,

b b #
[ rwsold=jeb-? [ (r 0P +1g0F) ar-3 [ 7 @=a? (r0F + 18 0F) ar

a

-3 /a;w —02 (17 (OF +1g' 0 de

-1/ " Litsab) (1 0OF + 1 00F) ar,

which proves the desired result. O
Corollary 2.11. Let f: [a,b] — C be absolutely continuous. Assume that
fla) = f(b) =0, felyw,la,b]lNLyy,la,b].

Then
b b
/lf(t)lzdts%/ L(t;a,b) | f'(1)|? dt, (2.17)

where L(t; a, b) is defined in (2.14). Moreover, the constant % is best possible.

Proof. Consider the function
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Then f is absolutely continuous and | f'(¢)| = 1 for t € (a, b). Moreover,

a+b

/ab|f(t)|2dt=/aZ(t—a)zdt+/;(b—t)2dt

_ 3, 1 3_ 13
—24(19 a) +24(b a) —12(19 a)’.

On the other hand, since | f’(¢)| = 1,

1 b
/ L(t;a,b)dt

b
! / L(ta,b) |f' ()P di =

2
1P 2 1 “+ 2 b 2
_§</a Z(b_a) a’t—i[/a (t—a) dt+ #(b—t) dt
1 1 1 1
=—(b-a-=-—=0b-a) =—=(b-a)’.
glb-ay-s-pb-a)y=7(b-a

Thus both sides of (2.17) are equal to ﬁ (b — a)? for this choice of f. This proves that the constant
% is best possible. O

Remark 2.12. Assume that f’ is absolutely continuous on [a, b]. If f(a) = f'(a) =0, f(b) =
f’(b) =0, and
f,’ f” € LZ,Wa [a’ b] m LZ,Wb [a’ b]s

then

b b
‘/6; |f(t) f,(l)|dt < %‘/L; L(t;a,b) (|f’(t)|2 + |f”(l‘)|2) dr.

3 Applications

We have the following trapezoid-type inequalities.
Proposition 3.1. Let g € C'([a, b],C). Then

b b
FEECCI Ry

2
3.1)

2

{1 [° 12
S—(—/ wa(t;a, b) |g'(t)—g'(a+b—t)|2dt)
4 aJg,
b
“

b
1%/ (b-1)(t—a)lg' (1) - g (a+b-0)| dt.

b —
1
b—a

1/2
/ wp(t;a, b) fg'(t) -g'(a+b- l‘)|2 dt)

<

&1

Proof. Let g € C'([a, b],C) and define

£(1) = g() +g(§ +tb-1) _gla) erg(b), .

Then f(a) = f(b) =0, and

g(t)-gla+b-1)
5 ,

f@= t € (a,b).
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Applying (2.13) to f, we obtain

b
J

1
< —
4

b
si/a (b-1)(t—a)lg (1) - g (a+b-0)| du.

2(1) +g<§+b—z> s+ (32)

1/2 1/2

b b
(/ wa(t;a,b)|g’(t)—g'(a+b—t)|2dt) (/ wb(t;a,b)|g’(t)—g’(a+b—t)|2dt)

By the Cauchy—Bunyakovsky—Schwarz inequality,

b g(t)+gla+b-1)

/b[g<t>+g<a+b—r> _g<a>+g<b>} i

2 - 2 drz 2 2
b 2
= / g(t)dt — ga) +5(b) ; g(b) (b—-a)
Hence
b 2 b _ 2
‘g(a) erg(b) _ bia/ sy di| < bia/ g(1) +g(;t+b H_s@+g®)|
(3.3)
Combining (3.2) and (3.3) yields (3.1). O
From a different perspective, we also have the following result.
Proposition 3.2. Let g € C'([a, b],C). Then
by 1 [P ?
’g(a);—g( ) _b_a/ (1) dt (3.4)
" ~ ) 12
< (blTa,/ walt;a,b) ’g'(t) - M dt)
Lo ) -s@ \"
X(m/ wp(tsa. b)’g (-2 =5 )
-N(t—-a)lg'(t) - 8(b) - ‘z(a) dt.
Proof. Let g € C'([a,b],C) and define
b - b)(t—
fio) = gl - SQEZDEEONZD gy .
Then f(a) = f(b) =0 and
g(b) —g(a)

f=g®-——— te(ab).
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Applying (2.13) to f, we obtain
@b -1 +gb)(t-a)f

b

/g(t)— o 3.5)
b b

S(/ PORUE g(a) ) (/ ORUE g(a) )

/(b—t)(l a)lg' (t) - M dt.

By the Cauchy—-Bunyakovsky—Schwarz inequality, we also have

b b 2
SUE R L g(@(b=1)+g(b)(1=a)

2

< f) - dr. (3.6
2 b—a =D 8(1) b—a (3.6)

Combining (3.5) and (3.6) yields (3.4). O

We also have the following result.

Proposition 3.3. Let g € C([a, b],C). Then

a+b_/ g(s)ds——/ tg(t)dt

2
( wa(t a, b)’ (t)——/ g(s)ds

b
X(m/ W (13, b) g(t)—ﬁfu g(s) ds
1 b

2
—1)(t-a)

3.7

2 1/2
dt)

2 1/2
dt)

dt.

b
¢ -5 [ evras

Proof. Let g € C([a, b],C) and define

¢ B b
£0) :=/ g(s)ds—]ZTc;/ g(s)ds,  t€l[ab].

Then f(a) = f(b) =0 and

b
F0 =50~ [ e0ds e @)

Applying (2.13) to f, we obtain

b t _ b

/ /g(s)ds—;TC;‘/ g(s)ds
b b

< (/ Walt;a,b) ‘gu)—ﬁ/ g(s) ds
b 1 b

X (/ wp(t;a, b) ‘ﬂﬁ‘m/ g(s)ds

b 2
s/ b-0(t—-a)

2
dt (3.8)

2 1/2
dt)

2 1/2
dt)

dt.

b
¢ -5 [ evras
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Moreover, integrating by parts yields

/ab(/atgmds-%/abg(s)ds) dz=/ab(/atg<s>ds) dr—b;“/abg@)ds
_ [t/a[gws[b—/abrng—b%/abg(s)ds

=b/abg(s)ds—/abtg(t)dt—b%av/abg(s)ds

b b
:a;-b/a g(s)ds—/a tg(r)dt.

By the Cauchy—Bunyakovsky—Schwarz inequality,

oo [ N[ swa- 1=t [ as

2 2

dt >

Lb(fatg(s)ds—%/abg(s)ds) di

2

b b b
a; /ag(s)ds—/a tg(t) dt| .

Combining (3.8) and (3.9) yields (3.7). O

3.9

Let us now consider the weighted Cebysev functional
b b b
Culhog)i= [ w0 S0 g0y dr - ( [ wors dz) ( [ worsw dz) ,
where f,g : [a,b] > Cand w : [a, b] — (0, o) is continuous on [a, b] and satisfies

/abw(t)dt: 1.

Theorem 3.4. Let f € Ly([a, b],C) and let g € C'([a, b],C). Then

ICw (f> ) (3.10)

b b b
< (/ |g,([)|2dt) (/ wa(t;a, b) ‘f(t)—/ f(s)w(s)ds

2 1/2
w2(1) a't)

2 1/2
w2(1) dt)

b b
x(/ wh(t;a,b)’f(t)—/ f(s)w(s)ds

b b
s(/ |g'<t>|2dr)/ (b-1)t -a)

b b b
<qo-a?([Twora) ["ro- [T rewe

2
w2(t) dt

b
£(1) / F(5) w(s) ds

2
w2(t) dt.
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Proof. Integrating by parts, we have

b X X b
/ (/ F(Ow(r) dt—/ w(s) ds/ F(s)w(s) ds) g'(x) dx
X X b x=b
- [( [ sama= [“words [ rswe ds)g<x>] ]

b b
- [ e (f<x>w<x>—w<x> / f(S)w(s)ds) i

b b b
= —/ fx)g(x)w(x) dx + (/ fs)w(s) ds) (/ g(x)w(x) dx).

Consequently,

b X b x
Colf.g) = / ( / w(s) ds / F()w(s) ds - / f(t)w(r)dr)g’(x)dx.

Using the Cauchy—Bunyakovsky—Schwarz inequality, we obtain

b X b X
Cu(f.8) = / ( / w(s) ds / F(s)w(s) ds - / FOw) dr) ¢/ (x) dv
b| px b x 2 b
< (/ / w(s) ds/ f(s)w(s) ds —/ f(@w(t) dt dx) (/ |g'(x)|2dx).

(3.11)
Now take, for x € [a, b],

2

o= [ wioyas [ " Flsw(s)ds - [ raomaar

Then h(a) = 0 and, since fa b w(s)ds = 1, we also have h(b) = 0. Moreover, h is absolutely
continuous on [a, b] and

b
K (x) = w(x) (/ f(s)w(s)ds — f(x)) fora.e. x € (a,b).

Applying (2.13) to h, we get

b b 1/2 b
/lh(t)|2dt§(/ wa(t;a,b)lh’(t)|2dt) (/ wp(t;a,b) |W (1)|? dt

b
s/ (b—1)(t—a) W (1) dr. (3.12)

12

Since
2

W (1)) = w(1),

b
£y - / F(s)w(s) ds

by (3.11) and (3.12) we obtain the inequalities in (3.10). The last bound in (3.10) follows from

(b-0)(t-a) < %(b—a)z, t € [a,b].
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