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Abstract. In a recent article [Mathematics (2024), 2024:305] it was shown that the renowned Suzuki fixed
point theorem [Proc. Amer. Math. Soc. 136 (2008), 1861-1869] cannot be generalized in an obvious and
natural way to the setting of w-distances. In contrast to this situation, we here show that our fuzzy counterpart
of Suzuki’s theorem [J. Nonlinear Convex Anal. 23 (2024), 1487-1494] admits a full generalization to the
framework of fuzzy w-distances.
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1 Introduction and preliminaries

In their influential article [7], Kada et al. introduced and discussed the notion of w-distance in the
realm of metric spaces. They demonstrated that this structure provides an appealing context for
refining and generalizing several important results such as the Ekeland variational principle [4], the
Caristi fixed point theorem [3] and the Takahashi nonconvex minimization theorem [25], among
others. In fact, the famous Kannan fixed point theorem also admits a satisfactory w-distance
generalization [21,22], while complete metric spaces can be characterized by means of a type of
contractions that have a fixed point and involve w-distances [24]. These achievements motivated
many authors to continue the research concerning this kind of distances from different approaches
and viewpoints. In particular, the fixed point theory based on the use of w-distances received a
strong boost (see, e.g., [1,2,8,10,12-14] and the monograph [15] with the references therein).

In what follows, by R*, N and Ny we will denote the set of all non-negative real numbers, the
set of all natural numbers and the set of all non-negative integer numbers, respectively.

Let us recall [7] that a w-distance on a metric space (X, d) is a function w : X x X — R* that
satisfies the following conditions:

WD w(x,y) <w(x,z) +w(z,y), forallx,y,z € X;
(w2) for each x € X, the function w(x,_) : X — R* is lower semicontinuous;

(w3) for each & > 0 there exists § > 0 such that w(x, y) < § and w(x, z) < § imply d(y, z) < &.
Opportune examples of w-distances may be found in [7,15,22,24]. In particular, every metric
d on a set X is a w-distance on the metric space (X, d).
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On the other hand, Suzuki showed in his prominent article [23] a generalization of the Banach
contraction principle that allows to obtain a characterization of the metric completeness. With the
aim of simplifying its presentation, we state Suzuki’s theorem as follows.

Theorem 1.1. (Suzuki fixed point theorem) Let (X, d) be a complete metric space. If T is a
self-mapping of X such that there exists a constant « € (0, 1) satisfying the condition

d(x,Tx) <2d(x,y) = d(Tx,Ty) < ad(x,y), (1.1)
Jorall x,y € X, then, T has a unique fixed point.

Since the possible extension of Suzuki’s theorem to the w-distance framework did not seem to
have been explored yet, Romaguera and Tirado discussed this question in [18]. Specifically, they
presented an example (see also [19, Remark 3.1]) of a self-mapping T on a complete metric space
(X, d) such that T is free of fixed points but there exist a constant & € (0, 1) and a w-distance w
on (X, d) fulfilling the following contraction condition

w(x,Tx) <2w(x,y) = w(Tx,Ty) < aw(x,y), (1.2)

forallx,y € X.

Then, they introduced the notion of presymmetric w-distance and proved that if 7 is a self-
mapping on a complete metric space (X, d) for which there exist a constant @ € (0,1) and a
presymmetric w-distance w on (X, d) such that the contraction condition (1.2) is satisfied, then T
has a unique fixed point. In fact, Suzuki’s theorem is a consequence of this result.

In Section 2 of this paper we show that the situation is very different in the fuzzy setting.
Specifically, we prove that the fuzzy counterpart of Suzuki’s theorem obtained in [16] (see Theorem
1.3 below) admits a full generalization to the w-distance framework without adding extra conditions.
Two illustrative examples are also given.

In order to help the reader, we next recall several pertinent concepts and properties concerning
fuzzy metric spaces in the sense of Kramosil and Michélek [11] (our notation and terminology are
standard).

According to [5,9] a continuous t-norm is a binary operation = :[0, 1] x [0, 1] — [0, 1] such that
([0, 1], <, %) is an ordered Abelian topological monoid with unit 1. Typical and useful examples
of continuous t-norm are A, xp and *; (the Lukasiewicz t-norm), which are defined as follows:
uAv=min{u,v},u*pv=uv,and u x; v = max{u +v — 1,0}, for all u,v € [0, 1]. Besides, we
have A > * for any continuous t-norm .

A fuzzy metric on a (non-empty) set X is a pair (M, =) such that M is a fuzzy setin X x X X R*
and * is a continuous t-norm satisfying the following conditions for all x, y, z € X:

(FM1) M (x,y,0) = 0;

(FM2) x = y if and only if M (x,y,t) = 1 forall t > 0O;

(FM3) M (x,y,t) = M(y,x,t) for all t > 0;

(FM4) M (x,z,t +5) > M(x,y,1) * M(y,z,s) forall t, s € R*;
(FM5) M (x,y,_) : R* — [0, 1] is a left continuous function.

A fuzzy metric space is a 3-tuple (X, M, x) where X is a (non-empty) set and (M, ) is a fuzzy
metric on X.

It is clear that for each x,y € X, M(x,y,_) is a non-decreasing function on R*. Moreover,
condition (FM2) can be formulated in a more general form as: x = y ifand only if M (x, y, 1) > 1 —¢
forallz > 0.



S. Romaguera / A Fuzzy Counterpart of Suzuki’s Fixed Point Theorem 19

Each fuzzy metric (M, =) on a set X induces a topology 7a; which has as a base of open sets
the family {Bps(x,¢,t) : € € (0,1),t > 0}, where Bys(x,e,1) = {y € X : M(x,y,t) > 1 —¢}.
Therefore, a sequence (x,,)nen is Tar-convergent tox € X if and only if foreach > 0, M (x, x,,1) —
1 as n — oo. We shall write x,, — x whenever that the sequence (x,)en Tar-converges to x € X
and no confusion arises.

A sequence (x,)nen in a fuzzy metric space (X, M, %) is called a Cauchy sequence if for each
g € (0,1) and ¢t > O there exists an ny € N such that M (x,,x,,,1) > 1 — & for all n,m > ny.
(X, M, =) is said to be complete if every Cauchy sequence (x,),en iS Tas-convergent in X.

It is well known that every fuzzy metric space is metrizable, i.e., given a fuzzy metric space
(X, M, =) there exists a metric on X whose induced topology coincides with 7j4.

The following typical example of a fuzzy metric space will be useful later on.

Example 1.2. Let (X, d) be a metric space. For each x,y € X and ¢t € R* define M (x, y,7) = 0if
d(x,y) >t,and M(x,y,t) = 1if d(x,y) < t. It is well known that, for each continuous t-norm s,
the 3-tuple (X, M, =) is a fuzzy metric space such that 75, agrees with the topology induced by d.
Furthermore, (X, M, %) is complete if and only if (X, d) is complete.

Generalizing the concept of a C-contraction introduced by Hicks [6], it was proposed in [17]
the following notion:

A Suzuki fuzzy contraction on a fuzzy metric space (X, M, *) is a self-mapping T of X for
which there exists a constant @ € (0, 1) such that for each x,y € X and ¢ > 0,

(x,y) € S(t) = M(Tx,Ty,at) > 1 - at,

where
S() :={(x,y) e X x X : min{M(x, y,1), M(x,Tx,t)} > 1 —t}.

Then, it was proved the following counterpart of Theorem 1.1.

Theorem 1.3. ([17]) Every Suzuki fuzzy contraction on a complete fuzzy metric space has a unique
fixed point.

In Section 2 we shall generalize the preceding theorem to fuzzy w-distances, as we indicated
above.

2 Main Result and Examples

The concept of w-distance was extended to the field of fuzzy metric spaces in [16] as follows
(see [20] for a previous notion, introduced under the name of a r-distance).

A fuzzy w-distance on a fuzzy metric space (X, M, *) is a fuzzy set W in X x X x R* that
satisfies the next conditions for all x,y,z € X :

FWD) W(x,y,s+1) > W(x,z,5) « W(z,y,¢t) forall s,r € R*;

(FW2) if x € X and y,, — y, then W(x,y,? + &) > limsup, W(x, yy,?), for all + > 0 and
& € (0,1);

(FW3) for each £ € (0, 1) there is § € (0, 1) such that W(x,y,s) > 1 -6 and W(x,z,¢t) > 1-6
imply M(y,z,s+1t)>1—e¢.

Note that it follows from (FW2) that W(x, y,t) > W(x,y,s) forallx,y € X and ¢t > s > 0.

Several examples of fuzzy w-distances may be found, for instance, in [16,20]. In particular,
every fuzzy metric (M, =) on a set X is a fuzzy w-distance on the fuzzy metric space (X, M, *).
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By a w-Suzuki fuzzy contraction on a fuzzy metric space (X, M, *) we mean a self-mapping T
of X for which there exist a fuzzy w-distance W on (X, M, %) and a constant @ € (0, 1) such that

(x,y) e WS(t) = W(Tx,Ty,at) > 1 — at,
forall x,y € X and t > 0, where
WS(t) :={(x,y) €e XXX :min{W(x, y,t), W(x,Tx,1)} > 1 —t}.
Next we state and prove our main result.

Theorem 2.1. Every w-Suzuki fuzzy contraction on a complete fuzzy metric space has a unique
fixed point.

Proof. Let (X, M, ) be a complete fuzzy metric space and let T be a w-Suzuki fuzzy contraction
on (X, M, x) Then, there exist a fuzzy w-distance W on (X, M, *) and a constant & € (0, 1) such
that

(x,y) e WS(t) = W(Tx,Ty,at) > 1—at, 2.1

forall x,y € X and ¢t > 0, where
WS(t) :={(x,y) € XXX :min{W(x, y, 1), W(x,Tx,1)} > 1 —1t}.

Fix 19 > 1. For any x,y € X we have W(x,y,t9) > 1 —tg and W(x,Tx,1t9) > 1 — tg, so
(x,y) € WS(t9), and, hence,
W(Tx, Ty, aty) > 1 — aty, 2.2)

by (2.1). Note that, in particular, (x,Tx) € WS(ty), and, thus,
W(Tx,T?x, aty) > 1 — at. (2.3)
From (2.2) and (2.3) we deduce that (Tx,Ty) € WS(atyp), so, by (2.1),
W(T?x, T?y, &*t9) > 1 — 1.
Repeating this process we get that
(T"x,T"y) € WS(a"19), (2.4)

and
W(T"x,T"y, a"ty) > 1 — a1y, (2.5)

forall x,y € X and n € Nj.

Now, fix xo € X and put x,, := T"x( for all n € Ny. We shall show that {x, },en, is a Cauchy
sequence in (X, M, ). Indeed, choose an arbitrary ¢ € (0, 1). By condition (FW3), there exists
6 € (0,1) such that M(y,z,s +t) > 1— £/2 whenever W(x,y,s) > 1 -6 and W(x,z,t) > 1 -6,
withx,y,z € X and 5,1 € R*. Pick k := k(&) € N fulfilling 7y < min{e/2, §}. By (2.5) we have

W(Tk)C(),Tan_kxO,a’kl‘o) >1 - a’kl‘o and W(TkxO,TkTm_k)C(),a’kl‘()) >1 - a’kl‘o,
whenever m > n > k, i.e.,

W (xk, xp, @t9) > 1 —a*t9p and W (xk, xm, @¥19) > 1 — 1o, (2.6)
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whenever m > n > k, and, similarly,

1 +1

W (Xkats Xns @ 10) > 1= ¥ty and W(xpar, xm, @ l19) > 1 — oF 1, 2.7)
whenever m > n > k + 1. Since 1 — ¥y > 1 — § it follows that
W(xk,xn,akto) >1-6 and W(xk,xm,a/kto) >1-4,
s0, by (FW3), with s = 1 = a*1,
M(xn,xm,Zcxkto) >1- ;,

and thus (recall that & > 2a%1),
M(xp, xm,€) = M(x,,,xm,2a/kto) >1-—g,

whenever m > n > k. As & is arbitrary, we conclude that {x, },cn, is a Cauchy sequence in the
complete fuzzy metric space (X, M, ).

Hence, there is z € X such that x,, — z, i.e., foreacht > 0, M(z,x,,1) — 1 asn — oo.

Next, we are going to show that z is a fixed point of T'. Indeed, for the & € (0, 1) considered in
the first part of the proof we can find € (0, @**'t) such that o**'#y + < min{g/2, 6}. Then, by
condition (FW2), we have

W (xk, z, ¥t + 1) > lim sup W(xg, xp, a10),
n

and
W (xXks1, 2, @t + 1) > limsup W (xge1, Xn, @ '10).
n

Leti > k and j > k + 1 fulfilling respectively,

n+ W(xr, z, ¥t + 1) > W(xg, xi, @*19), (2.8)
and
n+W(xrs1, 2 @ g + 1) > W(xger, xj, @), (2.9)
Therefore, by applying (2.6) and (2.8), we obtain
W (xk, z, %19 + 1) > W(xg, xi, Ft0) = n > 1 = (¥t + 1), (2.10)
and by applying (2.7) and (2.9), we obtain
W (xps1, 2, @ g + 1) > W(xger, xj, @ 0) = > 1= (@ tg +1p). (2.11)
Furthermore, we get
W (i, Xiea1, @¥to + 1) > W(xg, xpe1, @¥t0) > 1 = a*19 > 1 = (¥t + 1). (2.12)

By (2.10) and (2.12) we deduce that (xg, z) € WS(a*ty + 1), which implies, by (2.1), that
W (xks1, Tz, (a1 + 1)) > 1 — a(ary +n). (2.13)

Since 1 — a(a*tg +n) > 1 — (a* 19 + 1) > 1 — (a*ty + 1) > 1 — 6, it follows from (2.11), (2.13)
and condition (FW3) that e
M(z,Tz,s +1) > 1— 2
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where s = o**!t) + 7 and t = (1o + 7). Note that &£ > s + ¢ because a1ty + < £/2. Hence,
M(z,Tz,e) > 1—-¢.

Since ¢ is arbitrary we have proved that z is a fixed point of 7'.
Finally, we check that z is the unique fixed point of 7. Let u € X such that u = Tu. By (2.5) we
have
W(z,z,a"ty) >1—-a""ty and W(z,u,a"ty) >1- a1

for all n € Ny. Choose an arbitrary & € (0, 1). As in the first part of the proof, take § € (0, 1) such
that M(y,z,s +t) > 1— /2 whenever W(x,y,s) > 1 -6 and W(x,z,t) = 1 -6, withx,y,z€ X
and 5,7 € R*, and take k := k(&) € N such that «*7y < min{g/2, 6}. Then,

W(z, z,a*9) >1 -6 and W(z,u,are) >1-5,

which implies that M (z,u, &) > 1 — /2. We conclude that z = u.
m|

The following is an example where we can apply Theorem 2.1 but neither Theorem 1.1 nor
Theorem 1.3.

Example 2.2. Let (R*, M, A) be the complete fuzzy metric space where M (x, y, 1) = lif|x — y| <t
and M(x,y,t) =0if |x —y| > ¢,x,y € R*, r > 0. (compare Example 1.2). Now, let T be the self
mapping of R* given by
_ 1, ifx e [0, 3]
0, otherwise.

We show that T is not a fuzzy Suzuki contraction on (R*, M, A).
Fixa € (0,1).Fort =1/2,x =1/2and y =3/4weget |x—y|=1/4<tand |x—Tx| =0 < ¢,
so, M(x,y,t) = M(x,Tx,t) =1>1-¢t,but |[Tx—-Ty| = 1/2 > at, and thus, M(Tx, Ty, at) =
0 < 1 — at. Hence, we cannot apply Theorem 1.3.

Note also that forx = 1 and y = 1/2, we get d(x,Tx) = 2d(x,y), and d(Tx,Ty) = d(x, y), so
that we cannot apply Theorem 1.1.

However, T is a w-fuzzy Suzuki contraction on (R*, M, A) as we show in the following.
Let

W :R*XR"xR" — [0,1]

defined as:

W(x,y,0) =0forall x,y € R*,

W(x,y,t) =1if |[x—y|<tandx,y € [0,1/2],¢ > 0O,
and

W(x,y,t) =0, otherwise.
We check that W satisfies conditions (FW1)-(FW3), and thus it is a w-fuzzy distance on (R*, M, A).

(FW1): We only consider the case that W(x, z,1) = W(z,y,s) = 1. It follows that |x — z| < t,
|z —y| <s,withx,y,z € [0,1/2]. Hence, |x — y| <t + s, which implies that W(x, y,t +s) = 1.

(FW2): Letx € R* and y, — y. We consider the case lim sup,, W(x, y,,t) = 1. Picke € (0,1).
Since y,, — y we deduce from the definition of W that y € [0,1/2] and |x — y| < # + . Hence,
W(x,y,t+¢)=1.



S. Romaguera / A Fuzzy Counterpart of Suzuki’s Fixed Point Theorem 23

(FW3): Given € € (0,1) put § = /2. Suppose that W(x,y,t) > 1 -6 and W(x,z,5) = 1 - 6.
Then, W(x,y,t) = W(x,z,s) = 1, s0o x,y,z € [0,1/2] and |y —z| < t + s. Consequently,
M(y,z,t+s)=1>1-¢.

Finally, let x, y € R* and ¢ > 0 such that (x, y) € SW(¢). Then,

min{W(x, y,t), W(x,Tx,t)} > 1—1t.
We distinguish two cases:

e Case 1. t < 1. Since W(x,y,t) > 1 — ¢, we deduce that W(x, y,t) > 0, i.e., W(x,y,1) = 1,
S0 |x —y| <tand x,y € [0, 1/2]. Consequently, Tx = Ty = 1/2 and, thus, [Tx —Ty| = 0.
Hence, W(Tx,Ty,t/2) =1>1—1t/2.

e Case 2. t > 1. Since Tx, Ty € [0, 1/2] we have |Tx —Ty| < 1/2 < t/2. It follows from the
definition of W that W(Tx, Ty,t/2) = 1.

We have shown that T is a w-fuzzy Suzuki contraction with @ = 1/2, and, hence, all conditions
of Theorem 2.1 are satisfied.

We finish with an example showing that Theorem 2.1 cannot be generalized to the case where
the contraction condition

(x,y) e WS(t) = W(Tx,Ty,at) > 1 - at,

x,y € X and ¢t > 0, with
WS(t) :={(x,y) e X x X : min{W(x, y,1),W(x,Tx,t)} > 1 —1t},

is replaced with the more general condition

(x,y) e WS*(t) = W(Tx,Ty,at) > 1 - at,
x,y € X and ¢ > 0, where

WS*(t) :={(x,y) e X X X : W(x,y,t)*W(x,Tx,t) > 1 —1t},

not even if the w-fuzzy distance is the fuzzy metric (M, ).

Example 2.3. Let X = {0, 1} and let M be the fuzzy setin X x X x R* defined as
M(x,y,0) =0forallx,y € X,
M(x,x,t) = 1forallx € Xand ¢ > 0,
M(x,y,t) =0forallx,y € X withx # y,and 0 < < 1/2,
M(x,y,t) =1/2forallx,y € X withx # y,and 1/2 <t < 1,

and
M(x,y,t) =1forallx,y € X withx # y,and 1 < 1.
It is routine to check that (X, M, ) is a complete fuzzy metric space for any continuous t-norm

Now, let T" be the self-mapping of X given by 70 = 1 and 7'1 = 0. Hence, T has no fixed points.
We show that, nevertheless, T satisfies the following contraction condition for @ = 1/2:

(x,y) e MS*(t) = M(Tx,Ty,at) > 1 - at,
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x,y € X and ¢ > 0, where
MS* (1) :={(x,y) e Xx X : M(x,y,0)xyM(x,Tx,t) >1—1}.

Indeed, suppose that (x,y) € MS*(t) withx # y.

If 0 <t < 1/2 we have M(x,y,t)*xy M(x,Tx,t) = 0% 0 = 0, which implies r > 1, a
contradiction.

If1/2 <t <1 we have M(x,y,t)*xyM(x,Tx,t) = 1/2 % 1/2 = 0, which implies t > 1, a
contradiction.

If + > 1, we distinguish two cases:

e Case 1. t > 2. Then, M(Tx,Ty,t/2) =1>1—-1t/2.

e Case2. 1 <t <2. Then, M(Tx,Ty,t/2) =1/2>1—1t/2.

Finally, note that, as may be expected, 7" does not satisfy the contraction condition of Theorem
2.1 because for any a € (0, 1), we have, taking t = 1/2a,

1
min{M (x,y,t), M(x,Tx,1)} > 3 >1-1,

but, forx #y, M(Tx,Ty,at) = M(Tx,Ty,1/2) =0<1/2 =1 - at.
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